A Biologically Plausible Model of Mental Multiplication

Isaac Joffe (ijoffe @uwaterloo.ca)'> & Chris Eliasmith'->3*
ICentre for Theoretical Neuroscience, University of Waterloo
’David R. Cheriton School of Computer Science, University of Waterloo
3Department of Philosophy, University of Waterloo
“Department of Systems Design Engineering, University of Waterloo

Abstract

Mental multiplication is an abstract and advanced cognitive skill
that requires applying systematic algorithms to structured nu-
merical data, but it remains underexplored in neural models.
In this paper, we propose a psychologically plausible model of
how anatomical circuits in the human brain may perform men-
tal multiplication of small natural numbers and implement it in
biologically plausible spiking neurons. Our model uses sim-
ilar strategies to those used by humans, specifically repeated
addition and rule use; matches various human performance
levels, including that of both children and adults; and qualita-
tively replicates multiple human performance patterns, such as
problem-size and outlier effects. Our novel model sheds further
light on how structured cognitive processes, like the rule-based
algorithms underlying mathematical reasoning, may be imple-
mented in the substrate of spiking neurons in the human brain.
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Introduction

Mental multiplication, despite its ostensible simplicity and
ubiquity, is an abstract and advanced cognitive skill. Although
some non-human animals have approximate number sense
and can perform simple arithmetic tasks (Boysen & Berntson,
1989; Brannon, 2005; Cantlon & Brannon, 2007), there is
no evidence of them performing multiplication. Addition-
ally, contemporary artificial intelligence (Al) systems (e.g.,
large language models) struggle with mathematical reasoning
(Hendrycks et al., 2021; Yuan et al., 2023) and represent-
ing systematic numerical relationships (Ouellette et al., 2024;
Yehudai et al., 2024). Furthermore, even humans only learn
multiplication after years of schooling (Schon et al., 2012;
Steel & Funnell, 2001). Put simply, the ability to perform
mental multiplication separates mature humans from animals,
Al, and young children.

In this paper, we propose a novel, psychologically and bi-
ologically plausible spiking neural model of simple mental
multiplication. Although cognitive models of mental arith-
metic exist (e.g., Griffiths & Kalish, 2002; Lebiere, 1999)
and a spiking neural model of simple mental addition—which
was later expanded upon to integrate learning (Aubin et al.,
2017)—was included in Spaun (Choo, 2018; Eliasmith et al.,
2012), we are not aware of any models of mental multiplica-
tion that operate in a biologically plausible substrate. Hence,
ours is unique in combining psychological plausibility with

an anatomical mapping and spiking neural implementation.
We proceed as follows: first, we summarize the human men-
tal multiplication literature, informing our approach; second,
we describe our model’s operation, based on repeated addi-
tion and rule use, and implementation; and, third, we present
results of experiments on our model, highlighting replicated
human performance levels, including that of both children and
adults, and trends, such as problem-size and outlier effects.

Background

Solution Strategies

Retrieval The primary strategy used by children and adults
alike to perform mental multiplication is retrieval (i.e., fact
recall from memory; Campbell & Graham, 1985; Cooney
et al., 1988; Jerman, 1970; Koshmider & Ashcraft, 1991,
LeFevre et al., 1996; Lemaire & Siegler, 1995; Siegler, 1988).
Only when retrieval fails are other backup strategies invoked
(Cooney et al., 1988). Retrieval is likely realized in the brain as
a learned hetero-associative memory network that maps each
multiplication problem to its corresponding solution (Camp-
bell & Graham, 1985). As with other learned behaviours, re-
trieval is used more often with practice and, thus, age (Cooney
et al., 1988; Lemaire & Siegler, 1995; Siegler, 1988). How-
ever, before retrieval can succeed, other strategies must be
used to facilitate memorization.

Repeated Addition Mathematically, multiplication is de-
fined as the addition of a multiplicand the number of times of
a multiplier (e.g.,4 X3 =4 +4+4 = 12, where 4 is the multi-
plicand and 3 is the multiplier). This is typically how the op-
eration is taught to children (Jerman, 1970), making mentally
multiplying with repeated addition common (Cooney et al.,
1988; LeFevre et al., 1996; Lemaire & Siegler, 1995; Siegler,
1988). This strategy reliably produces correct answers when
applied carefully, but its use is generally avoided because it re-
quires significant mental effort and time (LeFevre et al., 1996;
Lemaire & Siegler, 1995); humans prefer to simply retrieve
memorized answers (Cooney et al., 1988). However, even as
humans learn shortcuts to bypass repeated addition, this cum-
bersome procedure remains the main backup strategy invoked
when retrieval fails (Lemaire & Siegler, 1995; Siegler, 1988).
Repeated addition is thus fundamental to mental multiplica-
tion skill (Cooney et al., 1988), both preceding and acting as
a fail-safe for memorization. Some have argued that, when
executing repeated addition, humans tend to treat the smaller



factor as the multiplicand and the larger factor as the mul-
tiplier (Cooney et al., 1988; Jerman, 1970), but others have
concluded the opposite (Lemaire & Siegler, 1995). Given
this disagreement, we take neither view as universally correct.
Instead, following Siegler (1988), our model treats the rst
factor as the multiplicand and the second factor as the mul-
tiplier; note that, because we test both permutations of each
factor combination, this equates to random role assignment.

Rule Use Simple tricks can be used to solve special types
of multiplication problems (Cooney et al., 1988; LeFevre et
al., 1996), such as multiplication-tiy{because= 0 = 0)

and multiplication-byt (because= 1 = =). Distinguishing
rule use from retrieval in psychological experiments may be
di cult, but the underlying mechanisms are distinct; rule use
is scalable and generalizes to arbitrary inputs, while retrieval
requires prior experience with the presented problem. That
humans are able to correctly and rapidly solve never-before-
seen problems conforming to the structure of a rule (e.g.,
9-729 0or8-771 1) suggests underlying rule use.

Summary Retrieval, repeated addition, and rule use are thd=igure 1: Model architecture, as mapped onto anatomical
strategies behind the vast majority of mental multiplicationcorrelates (Choo, 2018; Ischebeck et al., 2006).
in humans. Directly comparing the e ectiveness of di erent

strategies is di cult due to selection bias (Siegler & Lemaire, d multiolication-b | .
1997), but children (Jerman, 1970; Lemaire & Siegler, 19954Nnd mu tiplication-bys types (Cooney et al., 1988; Jerman,

Siegler, 1988) and adults (LeFevre et al., 1996) alike Choos&Q?O;_LeFevre et aI.,|1996); this slugg?]sts humslns use anhal-
di erent strategies for di erent problems. With practice, hu- ternative strategy, rule use, to solve these problems. Other

mans both improve at using their favourite strategies (Jermar?xamples’ such as multiplication-Byand ties (Jerman, 1970;

1970) and evolve the means by which they select strategie%iegler' 1988), may be attributable to retrieval processes;
ese problems tend to be solved, and therefore reinforced

(Lemaire & Siegler, 1995). The general trend observed is & . :
shift from manualmethods (e.g., repeated addition)aiato- in memory, more often than other arbitrary products, leading

maticmethods (e.qg., retrieval) over time (Cooney et al., 1988,IO subsequent more accuratg and faster recall. Our model
Lemaire & Siegler, 1995; Siegler, 1988). To summarize, weAddresses the former two outliers, but not the latter two.
model humans as using following method to perform mental
multiplication: If they have seen the presented problem before Model

and are con dent in their memorized solution, they retrieveThe scope of our model (Fig. 1) is to implement two of the
this solution; otherwise, they manually compute the solutiorkey strategies humans use to perform mental multiplication:

using a backup strategy. If a rule can be applied, they applyepeated addition and rule use. In other words, our model

one; otherwise, they perform repeated addition. captures the computations carried out by the backup networks
that the brain resorts to using when an answer cannot be
Performance Patterns produced viaretrieval. In this sense, we model how a learning

Problem-Size E ect As with the analogous addition op- child or forgetful adult might perform mental multiplication.
eration (Zbrodo & Logan, 2005), the accuracy of human Although we believe our method can scale to multiply ever
solutions to multiplication problems decreases and respondarger numbers, we constrain all input factors to¥d0 in
time increases as the value of the correct product increaselis work. This domain is a natural choice because it matches
Both children (Campbell & Graham, 1985; Siegler, 1988) andthe conventional times table taught to children and, thus, is the
adults (Campbell & Graham, 1985; Koshmider & Ashcraft, focus of the experimental literature we compare to. Addition-
1991; LeFevre et al., 1996) exhibit this e ect. This trend ally, solving larger problems with the same strategies would
points to the use of repeated addition; incrementing to largebe psychologically implausible. This is because multiplying
products should take longer and introduce more errors thamulti-digit factors is substantially more di cult, reaching the
incrementing to smaller products. limits of mental arithmetic and requiring complex strategies
that often rely on tools outside of the brain (Fuson, 2020).
Outliers Certain types of multiplication problems are con-
sistently solved more accurately and faster than others. PrRepeated Addition Previously, mental addition has been
mary examples are the aforementioned multiplicatiordby- modelled as an iterative counting procedure (Choo, 2018;



Eliasmith et al., 2012) leading to eventual memorization= 1 = =) that simply map special problem types to standard
(Aubin et al., 2017). This is because counting incrementing products without the need for a time-consuming calculation.
a natural number by is the fundamental structured numer- If either factor is0, then our model sendsto output; if either

ical operation that human brains seem capable of performinfactor is1, then our model routes the value of the other factor
(Groen & Parkman, 1972). To construct a system capabléo output. Only when neither of these conditions are met does
of adding two arbitrary natural numbers using only a simpleour model execute the repeated addition strategy.
increment-by-1 operation, extra machinery is needed. Aubin

et al. (2017) used two working memories one holding a Implementation

periodically-recalculated cumulative sum (taecumulatojy e built our model with the Neural Engineering Framework
and the other holding the number of counting operations COM(NEF; Eliasmith & Anderson, 2003) and implemented it in
pleted thus far (theounte) that increment in parallel. The  spiking neurons with the Nengo neural simulator (Bekolay
accumulator starts from the value of one of the addends, whilgt al., 2014). Our model uses the Semantic Pointer Archi-
the counter starts fro. Once the counter reaches the valuetecture (SPA; Eliasmith, 2013), which implements a Vector
of the other addend, the accumulator holds the sum of the thymbohc A|gebra (VSA), to generate a structured Cognitive
addendS, so the Computation halts. This construction enableépresentation of numberS, and uses a basal gang"a model to
their model to compute addition manually. However, as withsypport cognitive rule following (Stewart et al., 2010).
multiplication, humans shift from using this manual counting- - our model de nes numbers as semantic pointers (SPs),
based strategy to using an automatic retrieval-based strategymbols representable as high-dimensional vectors. These
over time (Siegler, 1987). Our model assumes the agentps are constructed recursively so that each number's SP is
performing the mental multiplication has already masteredsimply the preceding number's SP bound with a fundamen-
addition, meaning that the agent has memorized all the basig| oNESP: NUMBER; = NUMBER ONEChoo, 2010).
sums and can therefore perform addition by simply queryour work demonstrates that these techniques can support a

ing a hetero-associative memory. In this sense, we assungychologically plausible model of mental multiplication.
a network like the one developed by Aubin et al. (2017) al-

ready exists. Children typically learn multiplication several Results
years after they have learned addition (Stokke, 2015), so thié .
assumption is plausible. xperimental Setup

Our model (Fig. 1) employs an iterative mechanism similarT0 compare our results with available human data, we built
to the one proposed for addition. Before, addition was realiwo versions of our model: a less accurate, slostid model
ized as iterative counting; now, multiplication can be realized@nd a more accurate, fastetultmodel. The child model was
as iterative addition. To construct a similar system capatuned to count slowly and generated with few resources, while
ble of multiplying two arbitrary natural numbers using the the adult model was tuned to count quickly and generated
repeated addition algorithm, we replace the increment ope,with substantial neural resources. These resources model the
ation applied at each iteration of the counting-based additiofncreased number of neurons and synapses dedicated to the
algorithm with an addition operation computed as retrievaimental multiplication task as skill develops. We explored the
of memorized facts. Like for addition, this system works by performance of each by adjusting the number of neurons and
having two working memories one holding a periodically- SP vector dimensions present in the model. We tested neuron
recalculated cumulative product (teldel) and the other —counts per dimensiors=, of 100, 150, and200for the child
holding the number of addition operations completed thus fafodel and200, 300, and400for the adult model, as well as
(the counte)) operate in parallel. The adder starts from the Vvector dimensionalities;s, of 32 and64 for the child model
value of the multiplicand, while the counter starts frinThe ~ and 128 and 256 for the adult model. Over these ranges,
multiplicand is periodically added to the cumulative productthe smallest child model compris@81-790neurons and the
stored in the adder. This addition operation is performed byargest adult model comprise936-890 neurons. All12
querying the aforementioned hetero-associative memory witGOn gurations were tested fat5 trials, each with a unique
the value of the current cumulative product and the value ofandom initialization, requiring80experiments.
the multiplicand; the retrieved response to this query then We tested our model on each possible multiplication prob-
becomes the new cumulative product held in the adder. Th&em of interest (i.e., all combinations of factors ranging flom
counter is periodically incremented in parallel with the op-through9), forming a testing dataset @b0samples. Because
eration of the adder network. Once the counter reaches thé erent mechanisms were used to solve di erent problems,
value of the multiplier, the adder holds the product of the twowe segregated performance by solution strategy; the testing
factors, so the computation halts. This construction enablegataset was divided into problems solved by repeated addition

our model to compute multiplication via repeated addition. (64 samples of the fornrr < where2 =-< 9) and
problems solved by rule us8g samples of the forrs O,

Rule Use Repeated addition works for arbitrary factors, but0 == 1,0rl =).

is unnecessary for problems witlar 1 factor. These prob- We analyzed two metricsaccuracy the correctness of the

lems are best solved by applying rules (i=., 0 = 0and computed product, anthtency the time taken to compute
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