Fractional Binding in Vector Symbolic
Representations for Efficient Mutual Information
Exploration
P. Michael Furlong

Terrence C. Stewart

Chris Eliasmith

Centre for Theoretical Neuroscience University of Waterloo Collaboration Centre Centre for Theoretical Neuroscience
University of Waterloo
National Research Council of Canada
University of Waterloo
Waterloo, Canada
Waterloo, Canada
Waterloo, Canada
celiasmith@uwaterloo.ca
terrence.stewart@nrc-cnrc.gc.ca
michael.furlong@uwaterloo.ca

Abstract—Mutual information (MI) is a standard objective
function for driving exploration. The use of Gaussian processes
to compute information gain is limited by time and memory
complexity that grows with the number of observations collected.
We present an efficient implementation of MI-driven exploration
by combining vector symbolic architectures with Bayesian Linear
Regression. We demonstrate equivalent regret performance to a
GP-based approach with memory and time complexity that is
constant in the number of samples collected, as opposed to t2
and t3 , respectively, enabling long-term exploration.
Index Terms—mutual information sampling, Bayesian optimization, vector symbolic architecture, fractional binding

I. I NTRODUCTION
Mutual information (MI) is a standard objective function
for quantifying curiosity when exploring [1], [2]. In this paper
we use Bayesian Optimization as a framework for curiosity,
and present an algorithm for MI-driven exploration that has
time and memory requirements that are constant in the number
of observations, improving on the t3 (time) and t2 (memory)
requirements of Gaussian Process approaches to computing
MI.
A common approach to informative sampling is to compute
information gain using Gaussian Processes (GPs), e.g. [3]–[6].
However, computing the variance, necessary to compute MI,
requires inverting a matrix that grows with the square of the
number of sampled data points, t. Unbounded growth of memory, and the concomitant increase in time to evaluate sampling
locations, is not compatible with long-term operations using
systems with limited memory capacity.
To overcome the limitations of GPs, researchers have improved occupancy grid methods [7] with efficient algorithms
for computing information gain [8], [9]. The complexity of
these approaches tend to grow linearly in the number of grid
cells. However, occupancy grids have constraints that GPs
do not - there is a fixed resolution, and only points in the
grid are modelled. These shortcomings can be ameliorated
with irregular and adaptive representations (e.g., triangulated
meshes or KD-trees), but they require additional machinery
to represent the function domain, and increased memory to
represent larger areas.

We present an algorithm that provides the benefits of both
approaches. It has memory and time requirements that are
constant with respect to the number of observations, and is
linear in the number of candidate sampling locations, but is
still defined for all points in the function domain. We achieved
this by combining the concept of fractional binding in Vector
Symbolic Architectures (VSAs) with Bayesian Linear Regression (BLR), to model uncertainty over the function domain.
VSAs are used in modelling cognitive processes [10]–
[14]. Symbols are represented as vectors, and cognition is
conducted through operations on those vectors. Binding is a
key operation, where a new symbol, C, is created by binding
two existing symbols, A and B, denoted C = A~B, typically
representing a slot-filler relationship between A and B.
Cognitive Semantic Pointers are a neurally implemented
VSA for which the binding operator is circular convolution1 . Integer quantities, atomic symbols (e.g., words), and
structured representations (e.g. sentences), can be represented
in Semantic Pointers through binding. To represent integer
quantities, binding is iterated an integer number of times,
denoted S k = S ~ . . . ~ S, where k ∈ N and S ∈ Rd is
a fixed semantic pointer of dimension d, that we call an “axis
pointer” or “axis vector”.
Spatial Semantic Pointers (SSPs) extend Semantic Pointers
to represent real numbers through the process of fractional
binding [13], [15]. Fractional binding is implemented with the
x
Fourier transform S x = F −1 {F {S} }, where x ∈ R is the
real value that is encoded through element-wise exponentiation
of the Fourier transform of the axis pointer, S. Using SSPs
allows us to make a connection between biological representation and information-theoretic models of curiosity. SSPs link
to biology through modelling grid and place cells [16], [17],
representations linked to an organism’s location [18]. Further,
the organization of spatial relationships may be used in other
brain areas [19].
SSPs connect to information theoretic exploration through
1 Plate [13] originally suggested circular convolution for a purely algebraic
VSA.

the kernel induced by the dot product over SSP vectors. SSPs
induce a sinc kernel function [20], and sinc kernels have been
found to be efficient kernels for kernel density estimators [21],
[22]. Vector representations that induce kernels can be used to
make memory- and time-efficient kernel density estimators, as
in the EXPoSE algorithm [23]. But where Schneider et al. [23]
made a KDE, we are combining SSPs with Bayesian Linear
Regression to approximate Gaussian Process regression.
Other approaches combine vector representations with BLR
to improve computational efficiency. ALPaCA uses uncertainty
over the vector space for meta-learning [24], [25]. Perrone
et al. [26] project data into a vector space, for more computationally efficient Bayesian Optimization. However, these
techniques require learning a projection from input data into
a vector space. The advantage of SSPs is that the representation doesn’t need to be learned, it can be designed, further
improving efficiency.
In this paper we compare the performance of our algorithm,
the Spatial Semantic Pointer Mutual Information Bayesian
optimization (SSP-MI), to the Gaussian Process Mutual Information Bayesian optimization (GP-MI) algorithm developed
in [6]. We empirically show that the regret achieved by the
algorithm is at least as good as the GP algorithm, with time and
memory complexity that is constant in the number of samples
collected, t, as opposed to O(t3 ) and O(t2 ) for the GP-based
method. The constant time and memory requirements of SSPMI means that it is feasible to deploy this algorithm in limited
hardware for long-duration operations.
II. A PPROACH
Our exploration algorithm uses the Bayesian Optimization
framework of Contal et al. [6], given in Algorithm 1. The
objective is to find the sampling location, x∗ , that maximizes a function f (·). The function domain is sampled
to provide a set of candidate function sampling points, X .
The algorithm
computes an acquisition function, given by
p
√
µt (x) + γt + σt2 (x) − γt , where µt (x) is the current
estimate of f (x), σt2 (x) is the predicted variance of µt (x), and
γt accumulates the predicted variance of previously observed
locations. The highest scoring candidate sample location is
selected for follow-up observations, which are used to update
the algorithm that predicts µt (x) and σt2 (x).
In the baseline algorithm, GP-MI, µt (x) and σt2 (x) are
provided by a Gaussian Process regression using a radial basis
kernel function, operating on the raw input vectors, x ∈ X .
In our algorithm µt (x) and σt2 (x) are provided by a BLR
over the SSP representation of the points in X . GP-MI was
implemented using the GPy library [27]. For GP-MI, mean
and variance are computed per [28, §6.4]:
µt (x) = kTt−1 Σt−1 yt−1
σt2 (x)

= k(x, x) −

kTt−1 Σt−1 kt−1

(1)
(2)

where kt = (k(x, x1 ), . . . , k(x, xt )) is the vector of kernel
function evaluations between the test point x and all points
in the data set collected up to observation t ∈ {0, . . . , T }.

Algorithm 1 Mutual information Bayesian optimization
procedure MIBO(budget, f (·), X )
γ←0
while t < budget do
µt (x), σt2 (x)
∀x ∈ X
p ← agent.query(x)
√
φt (x) ← γt + σ 2 (x) − γt
6:
xt ← arg max µ(x) + φt (x)
1:
2:
3:
4:
5:

x∈X

7:
8:
9:
10:
11:
12:

yt ← f (xt )
agent.update(xt , yt )
γt ← γt + σ 2 (x)
t←t+1
end while
end procedure

. Observe f (·) at xt

yt = (y1 , . . . , yt ) is the vector of previously collected function
value observations, yt = f (xt ). After the observation (xt , yt ),
is collected, Σt−1 , kt−1 and yt−1 are updated.
For SSP-MI candidate sample locations are transformed into
SSPs, which are row vectors denoted ψ(x). To fractionally
bind vector-valued variables, we select a random axis pointer,
Si , for each dimension of the vector as in [15]. We then fractionally bind each axis pointer using the corresponding vector
element of x, and then bind all of the vectors representing the
individual axes:
n

x /l

ψ(~x) = ~ Si i

(3)

i=1

l is a length scale parameter. In this work we use the same
length scale parameter for all vector elements, although using
one length scale per dimension would be reasonable. The
length scale parameter is optimized by minimizing the L2 error
in the predicted observations:
arg min+
l∈R

t
X

k(yi − mTt ψ(~xi /l))k2

(4)

i

The choice to minimize the prediction error instead of maximizing the log likelihood of the observations was arbitrary.
The BLR parameters were updated online, per [28, §3.3]:
−1
T
Σ−1
t = Σt−1 + βψ(xt ) ψ(xt )

(5)

mt = Σt Σ−1
t−1 mt−1 + Σt βψ(xt )yt

(6)

The predicted mean and variance were computed:
µt (x) = mTt−1 ψ(x)
(7)
1
σt2 (x) = + ψ(x)Σt−1 ψ(x)T
(8)
β
Both algorithms are initialized with ten observations that are
used to optimize hyperparameters. Initialization points were
selected by randomly shuffling the candidate locations and
using the first 10 points. For both algorithms the hyperparameters were only optimized on the initial 10 samples, and
not modified afterwards.
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Fig. 1 shows the evolution of the algorithms’ regret on the
left, and the cumulative time spent evaluating sampling locations on the right. Shaded regions represent a 95% confidence
interval for the N = 30 trials.
Except for some initial samples, the algorithms’ average
regret is largely indistinguishable. Table II reports the difference in the means and in the standard deviation of Rt of the
algorithms. Positive values mean the SSP-MI algorithm has
lower regret, standard deviation. A Bayesian hypothesis test
at samples 125 and 250, finds the performance of the SSP-MI
algorithm is either better than or statistically indistinguishable
from the GP-MI algorithm with 95% probability. Where
there is a statistical difference, the effect size (Cohen’s d) is
moderate to large. For regret performance, under the tested
scenarios, there is no reason to choose GP-MI over SSP-MI.
The benefits SSP-MI become apparent in the time to select sampling locations. At each iteration the algorithm recomputes the acquisition function for the candidate sampling
locations. For GP-MI the time grows as a function of the
number of samples collected. For SSP-MI the time to compute
the acquisition function is constant in the number of samples
collected, hence the observed linear trend in Fig. 1.
Of note is the large constant offset for the initial processing
time. This is due to the time it takes to encode the candidate
sampling locations as SSPs, {ψ(x) : x ∈ X }. These values
were cached so the encoding was only performed once.
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TABLE I: The tested functions, the evaluation domains, and
the scale factors applied.
Algorithm performance was measured with regret averaged
over samples taken. The regret at each time point is the
difference between the function value at sampling location,
x, and the maximum value of the function over the candidate
sampling locations,
x∗ = arg maxx∈X f (x). The regret at time
Pt
1
t, is Rt = t i=1 f (x∗ )−f (xi ). We also recorded the running
total of the time it took to predict µt (x) and σt2 (x) over the
set of candidate sampling points including, for SSP-MI, the
one-time encoding of the points in X as SSPs.

Cumulative Time (sec)
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[−5, 5] × [−5, 5]
[−5, 10] × [0, 15]
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Function
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Goldstein-Price

GP-MI
SSP-MI

6

0

Average Regret (a.u.)

We tested the algorithms on the Himmelblau, Branin-Hoo,
and Goldstein-Price functions, which were used as benchmarks
in [6]. We scaled the functions to make the problem a
maximization, to ensure GP hyperparameter fitting converged,
and to get similar regret numbers to those reported in [6].
The functions were evaluated, without noise, over a restricted
domain, with points spaced evenly along each axis to form a
100 × 100 grid. Agents were given a budget of 250 samples.
The domain and scale factors are given in Table I.

Average Regret (a.u.)
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Fig. 1: Graphs on the left show the average regret, Rt , and
graphs on the right the total accumulated processing time.
Shaded regions are 95% confidence intervals for N = 30
trials. In all cases the Rt for SSP-MI is either the same as
or statistically significantly better than the GP-MI algorithm.
SSP-MI shows a substantial improvement in performance with
respect to accumulated processing time.

IV. D ISCUSSION
We have demonstrated, using biologically plausible representations, MI-driven exploration that has fixed limits on
memory and computation time while still being defined over
continuous spaces. Combining Spatial Semantic Pointers and
Bayesian Linear Regression enables operations with limited
memory space and long-term operation in arbitrary spaces.
Our empirical regret performance is either statistically
indistinguishable, or better than the baseline GP approach
on three standard optimization targets. The time to evaluate
candidate sampling locations is constant in the number of
samples collected, unlike the GP-based approaches, and has
a memory requirement O(d2 ), in the dimensionality of the
SPP, compared to O(t2 ), in the number of observations, for
GP-MI. Note also that our estimation of compute time in
Fig. 1 conservatively includes the one-time encoding cost.
While it takes over 100 samples to amortize this cost, the
encoding could be done prior to the onset of operations, which

Function
Himmelblau
Branin-Hoo
Goldstein-Price

t
125
250
125
250
125
250

EGP [Rt ] − ESSP [Rt ]
µ
95% HDI
1.01
[ 0.50, 1.61]
1.06
[ 0.51, 1.60]
2.42
[-0.07, 4.82]
2.83
[ 0.94, 4.70]
0.02
[-0.39, 0.41]
0.02
[-0.37, 0.43]

SDGP [Rt ] − SDSSP [Rt ]
µ
95% HDI
0.09
[-0.11, 0.34]
0.09
[-0.10, 0.35]
3.54
[ 1.72, 5.74]
3.03
[ 1.68, 4.47]
0.00
[-0.11, 0.11]
0.00
[-0.12, 0.12]

µ
0.93
0.98
0.67
0.79
0.01
0.02

Effect Size
95% HDI
[ 0.44, 1.48]
[ 0.45, 1.48]
[ 0.02, 1.35]
[ 0.25, 1.34]
[-0.35, 0.42]
[-0.37, 0.41]

TABLE II: The difference in regret measured at samples t = 125 and t = 250. SSP-MI regret is either better than or statistically
indistinguishable from GP-MI, at the selected sample points. We report the differences in the average regret and the standard
deviations, as well as the effect size (Cohen’s d) for 30 trials. We also report 95% high density intervals (HDI). Positive values
means the SSP algorithm has a lower regret or standard deviation. Results using an unpaired Bayesian hypothesis test [29].

would further favour SSP-MI. Like occupancy grid methods,
evaluation time grows linearly with the number of candidate
locations, but SSP-MI retains its definition over the continuum.
Our algorithm represents an initial proof-of-concept for curiosity guided exploration using vector representations. If SSPs
are a unifying tool for modeling cognition, as in Eliasmith
et al. [14], then our approach could also model curiosity
in conceptual spaces. However, while we encoded data with
SSPs, other vector encoding that induce kernels could be used.
There remain algorithmic refinements to explore. Hexagonal
SSPs [17] could improve the efficiency of encoding candidate
sample locations, and further integrate the work to neural
models of spatial representation. Performance degradation in
response to noise remains to be examined.
Because computing the acquisition function is efficient, it
should be practical to find sample collection points, x, that
maximize the acquisition function, instead of selecting from
a finite set, avoiding regret due to arbitrary sampling of the
function domain.
Further, we may be able to evaluate entire trajectories, not
just individual sample locations. Single SSPs can represent trajectories and regions of a space, facts that may be exploitable
to efficiently evaluate trajectories for informativeness and,
through computing dot-products, feasibility in a configuration
space. As our curiosity model is goal-driven, via the µ(x) term
in the acquisition function, a variable weighting of expected
reward and information gain could allow switching between
task-driven exploration as well as something akin to play.
We have presented an efficient implementation of curiosity
that may be of use in memory- and time-limited contexts.
While preliminary, this work is a jumping-off point for efficient autonomous exploration.
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