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Abstract—A recurrent spiking neural network (SNN) architec-
ture is introduced to dynamically solve the Continuous Algebraic
Riccati Equation (CARE), enabling an online, fully spiking
implementation of the continuous Linear Quadratic Regulator
(LQR). Using a framework that allows dynamical system repre-
sentation in spiking neurons, the CARE dynamics are embedded
directly within a recurrent SNN, yielding a causal controller that
computes the LQR solution in real time.

A Lyapunov-based analysis provides conditions that ensure
the stability of both the spiking CARE solver and the resulting
closed-loop system. Increasing the neuronal population used to
approximate the Riccati differential equation is shown to reduce
the tracking error and improve the accuracy of the solution.

Numerical simulations of the yaw dynamics of a constrained
quadrotor test platform validate the approach. The proposed
controller achieves tracking performance comparable to the ideal
non-spiking LQR while preserving the convergent behavior of the
CARE within the spiking framework.

Index Terms—Spiking Neural Networks, Optimal Control,
Continuous Algebraic Riccati Equation, Quadrotor

I. INTRODUCTION

Advances in neuromorphic computing are driving signifi-
cant innovation within the field of control engineering. Cur-
rent research in neuromorphic control largely falls into two
categories. The first category leverages the learning capabil-
ities of neural networks to map sensory inputs to control
commands. For instance, the fully neuromorphic vision-to-
control pipeline for controlling a freely flying drone [1],
and the Spiking Neural Network (SNN) controller trained
using imitation learning from an expert Proportional-Integral-
Derivative (PID) controller dataset to control a Crazyflie drone
with predictive capabilities [2] are good examples. While
these SNN-based controllers can handle complex non-linear
mappings, they often lack closed-form stability guarantees and
require substantial, data-intensive training.
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The second category seeks to mitigate the data-dependency
of the first by directly implementing well-established classic
control techniques as SNN-based controllers. State-feedback
and PID regulator architectures have been mimicked using
the Neural Engineering Framework (NEF) to control sys-
tems such as the ball and plate platform model [3], a 3-
Degrees of Freedom (DoF) [4], and a 6-DoF [5] robotic arm
model, all achieving comparable performance to their non-
neural counterparts. Other notable work in this category is
the Spiking PID with adaptive gains implemented directly on
Loihi hardware to control a 1-DoF constrained quadcopter [6].
Additionally, spiking neurons have been used to implement
adaptive control by serving as basis functions that complement
a sliding mode controller, enabling efficient representation and
adaptation [7], [8]. Despite their effectiveness, these SNN-
based classic control strategies are inherently not optimal,
often relying on heuristic or ad-hoc tuning procedures, and
depending on empirical validation rather than rigorous stability
proofs.

In classical control theory, the Linear Quadratic Regulator
(LQR) addresses these limitations for linear systems [9],
[10]. Solving the Algebraic Riccati Equation (ARE) yields an
optimal control law that guarantees stability while explicitly
balancing the trade-off between state error minimization and
control effort [11]], a desirable characteristic in neuromorphic
control. Recognizing this, several works have attempted to
implement LQR controllers using SNNs. The authors in [[12]]
propose a recurrent network of leaky integrate-and-fire (LIF)
neurons that emulates an LQR by directly customizing the
SNN weight matrices to match the target system model,
eliminating the need for training. The authors in [13]] utilized
the NEF to implement a spiking version of an LQR controller
for an underactuated wheeled inverted pendulum, concluding



that the noise added by the neural dynamics could help prevent
matrices from becoming singular during encoding and decod-
ing processes. In [14f], the authors show that the near-linear
dynamics of a Leaky Integrate-and-Fire (LIF) neuron can be
leveraged to implement LQR control of a time-invariant cart-
pole system. Another notable work bridging the gap between
optimal control theory and neuromorphic computing is the
adaptive path following algorithm of [15]. In this work, an
LQR controller is replicated using a neural network endowed
with Spike-Timing Dependent Plasticity (STDP), which is
modulated by a dopamine-like signal proportional to the
vehicle’s tracking error. Their key innovation decomposed the
LQR control law into sub-functions, implementing them with
neural associative maps that use mixed linear (axo-dendritic)
and non-linear (axo-axonic) synaptic models to associate input
pairs.

While they demonstrated, through empirical cell mapping,
that the controller maintains stability and dampens oscillations,
the authors explicitly acknowledged that the network’s high di-
mensionality and non-linear structure make formal Lyapunov-
based stability proofs largely impractical, revealing the need to
simplify the complexity of the proposal without compromising
the performance of the controller.

Aside from the lack of Lyapunov-based stability guarantees
in [[12[|-[|15]], and the need for learning mechanisms in [[15]], the
aforementioned spiking-LQR controllers suffer from a critical
shortcoming. The corresponding cost functions were mini-
mized offline by solving an Algebraic Riccati Equation (ARE)
to compute the feedback gain, limiting its application to time-
invariant systems and requiring standard digital hardware for
such computation. These requirements are problematic when
targeting fully neuromorphic applications, where the goal is
to build fully online, event-based solutions. Moreover, the
use of offline solvers is also prone to generating bottlenecks
in communication, preventing a truly end-to-end event-driven
system.

A. Problem Statement

Despite the potential of SNNs for control, current imple-
mentations, whether based on learning techniques or inspired
by classic control, compromise on either stability guarantees
or rely on heavy training and manual control gains tuning.
A principled path forward is to address these limitations by
implementing optimal controllers, such as the LQR, directly
in spiking hardware. However, this is currently infeasible
due to the lack of a causal, online method for solving the
Continuous Algebraic Riccati Equation (CARE) within an
SNN, a limitation that inherently forces a hybrid digital-
neuromorphic architecture. Therefore, the core challenge this
work addresses is the absence of a stability-proven spiking
neural solver for the CARE that enables an optimal controller
fully realized in spiking neurons.

B. Main Contributions

To address these limitations, this manuscript presents a
novel Spiking Neural Network architecture that dynamically

solves the CARE, enabling an online, spiking LQR controller.
Our main contributions are:

1) An online implementation of the continuous LQR con-
troller by dynamically solving the Continuous Algebraic
Riccati Equation within an SNN.

2) A Lyapunov-based stability analysis providing condi-
tions of stability of our spiking CARE solver and the
resulting closed-loop system.

3) Numerical simulation of a dynamic system model val-
idating the performance and stability of our proposed
SNN-LQR controller.

The remainder of this paper is organized as follows: Sec-
tion [[I] addresses the theory behind the Neural Engineering
Framework, which our method uses, along with the basis of
Continuous Linear Quadratic Regulators. A Lyapunov stability
analysis is derived in Section [[I-D| relating error from spiking
neuron representation to stability margins. In Section we
present simulation results controlling a dynamic model of the
yaw subsystem of a constrained quadrotor test platform and
numerically evaluate the condition for stability. Finally, in
Section we discuss the major implications of our results
and lay out our conclusions in Section [V]

II. METHODS
A. Neural Engineering Framework (NEF)

Neuromorphic computing provides an energy-efficient ap-
proach to computation for real-time control by exploiting the
temporal sparsity of spiking neurons [|16]]. Unlike conventional
neural networks, spiking neural networks process information
through discrete spikes, enabling event-driven computation
that is well-suited for continuous-time dynamic systems. These
properties make neuromorphic platforms attractive for control
applications, including robotic platforms such as quadrotors.

To implement the proposed online Riccati dynamics and
neural LQR controller, we use the Neural Engineering Frame-
work (NEF) [[17]. The NEF, described as a “neural compiler”,
provides the methods to represent nonlinear functions and
dynamical systems using spiking neurons. The mapping of
a dynamic system to spiking networks using the NEF results
in a recurrent network with the weights between connections
approximating a given function. By following the convention
described in [17], we let x € R" denote a ~-dimensional
vector or input to be represented in a neural population of N
neurons. Each neuron encodes the input x into its respective
spiking activity as:

a; = Glo;(x, €;) + Jil,

where o and j are gains and biases, respectively, for a given
neuron denoted by ¢, e describes the preferred direction, and
G| ] is the nonlinear function which describes the neuron’s
spiking behavior. A given function f : R! — RY is approxi-
mated through a linear decoding as:

R N
fx)=> dia; ()
=0



where d; € R? is the decoder of neuron i. The decoders are
solved through the Ls-optimization of:

o1 ;
awgmin [ [17(x) = fo

over the sampling domain of X C R’. The approximation
quality of the reconstruction depends on multiple factors,
including the number of neurons. Furthermore, using the above
methods of the NEF, any dynamical system in the form:

x = f(x) + g(u),

can be mapped to spiking neural networks through a recurrent
connection:

fx) =7f(x) +x,

and input connection:

g'(n) =7g(u),

where [’ and ¢’ are the surrogate functions implemented in
the neural network using equation (I, in which the dynamics
are augmented with the synaptic time constant 7 to account
for the effect of the synaptic filtering implicit in spiking neural
populations.

B. Continuous LOR

A fully continuous-time formulation of the Linear Quadratic
Regulator (LQR) is adopted. The plant is modeled as a
continuous-time linear time-invariant system of the form:

i = Az(t) + Bu(t), )

where x € R" is the system state, u € R™ is the control input,
A € R™ ™ ig the state-transition matrix, and B € R"*™ ig
the input matrix. Additionally, we assume the standard LQR
conditions that (A, B) is stabilizable, (4, Q'/?) is detectable,
@ € R™™ is positive semi-definite, and R € R™*™ is
positive definite. These conditions guarantee the existence of
a unique and stabilizing solution to the CARE [18]].

The objective of the controller is to minimize the infinite-
horizon cost functional:

J = /0Oc (z(t)TQx(t) + u(t) " Ru(t)) dt. 3)

The optimal controller is a state feedback controller in the
form:
u(t) = =K x(t), “)

where K* € R™*" is obtained from the solution of the
CARE. The CARE defines a matrix P* € R™*"™ as the unique
stabilizing solution to

0=A"P"+P*A— P*BR'B"P* +Q, (5)
and the optimal feedback gain is
K* =R 'BTP*. (6)

In a traditional LQR, equation (3)) is solved offline using di-
rect solvers [[19]. However, the neuromorphic implementation
introduced in this work solves a dynamical version of the

Riccati equation online. Therefore, instead of directly solving
the CARE for P*, we compute the dynamics of P(t) through
the continuous-time Riccati Differential Equation (RDE) such
that the state converges towards the optimal solution over time.
These dynamics are defined as [[19]:

P(t)=—(ATP(t)+ P(t)A— P()BR'B"P(t) + Q) .
(7

C. Spiking Implementation

We implement our continuous-time RDE in equation (7))
in a SNN using the NEF as discussed in Section and
illustrated in Fig. [I] Leveraging the dynamic principle of the
NEF, the recurrent connection of the neural ensemble is trained
to approximate the augmented CARE dynamics:

P(t) = f'(P(t)) = Tf(P(1)) + P(t),

where f(P(t)) = —(ATP+PA—-PBR'B'P+Q) and 7
is the synaptic filter time constant.

Since the NEF restricts ensembles of neurons to represent
a vector-valued state and P(t) € R"*" for an n-dimensional
state system is a matrix, P(t) must be represented as a vector
within the neural population. To do this, we flatten the matrix
P(t) into a vector P'(t) € R™ by stacking the columns
sequentially into a vector form. The ensemble is initialized
through an input stimulus, which sets the initial condition
of P(t) and is typically chosen as the cost matrix ) from
equation (3).

Defining the desired state as x4es, a separate neural en-
semble represents the state error E, = xqes — = and the
corresponding control gain K. Using the decoded P(t) from
the first ensemble, the gain is computed online according to
equation (6), producing the control signal as u = —K E,, to be
sent to the plant. All neural connections include an exponen-
tially decaying synaptic filter with time constant 7 as denoted
in Fig. E} Additionally, a scaling factor Ssca)e is included in
some connections to preserve the relative magnitudes of P, K,
and z, ensuring the NEF can accurately represent the CARE
dynamics and the resulting control law.

D. Stability Analysis

Consider a standard linear time-invariant system from equa-
tion () with state vector z(t) € R™ subject to the state matrix
A € R™™ and control input u(t) € R™ with control matrix
B € R™". We define the infinite-horizon quadratic cost
J as in equation (@), where Q@ € R"*"™ and R € R™*™
are symmetric positive definite matrices. As well, the optimal
control law has the form of equation @) with the gain K*
defined in equation (6), where P* € R™*"™ is the unique
positive semi-definite solution to the CARE (3). We begin
by assuming that the pair (A, B) is stabilizable and (A, Q)
is observable, where P will converge to a unique and positive
definite solution to equation (5) as P*. By applying the control
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Fig. 1. SNN Architecture. The symbol 7 is the synaptic time constant
of the connections. Sgca1e represents the transformation value between the
connections. Transformations in the NEF can be interpreted as multiplicative
scalings. The ensemble P is initialized through an input stimulus, which sets
the initial condition of P(¢). Additionally, the controlled plant is denoted by
the dynamics £ = Az + Bu
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law defined in equation () with the optimal converged P* to
the linear system (2), we can rewrite the dynamics as:

& = Axz+ Bu
= Ar - BK*zx
= (A-BK"z
= Az,

where we let A = A — BK*. By the Lyapunov stability
analysis as extended from [20], the states = are asymptotically
stable if we can find a Lyapunov function V' (x) of our state
x that is positive-definite and has a time derivative that is
negative definite. We start by defining our candidate Lyapunov
function:

V(z) =z Pz (8)

and taking the time derivative of (8) along the trajectories of
the system (2):
av
dt
av da
dz dt
= 2 ' P*A'x
' P*A'z + 2T A Pa. )

Vig) =

Therefore, we need to show that the sum of the scalar terms in
equation () is negative definite, i.e. 2" P* A’z + 2T A’ P*z <
0. Substituting equation (6)) into equation (3) gives:
0=A"P*+ P*A— P*BK* +Q,
which we can rewrite as
P*A—P*BK +A'P* — K*TB"P* — P*BK* +Q
— —P*BK*— K*TBTP*.  (10)

We then take our new dynamic matrix A’ and substitute it into
equation (10} for:

P*A/+A/TP*+Q:—K*TBTP*,

rewriting as:

= —K*TRR'BTP*—Q

—(K*TRK* + Q). (1)

We can now substitute equation (TI)) into the derivative of the
candidate Lyapunov function (@) as:

V(z) = a'PAz+a APz
= z' (A'TP* +PA)x

= —z(K*"RK* +Q) . (12)

By definition, > 0 and R > 0, and therefore we can
observe that K*TRK* > 0. Since the sum of a positive-
definite matrix and a positive semi-definite matrix is positive-
definite, we can conclude that the term K ' RK +(Q is positive
definite. Therefore,

V(z)=—2"(K*"TRK* +Q)z <0, YzeR"#0

Concluding that the conditions for the candidate Lyapunov
function in equation (8) are satisfied, and as such the proposed
control law in equation (@) renders the dynamics of equation
(2) asymptotically stable.

1) Spiking Neural Extension: We now extend the Lyapunov
analysis shown in Section to account for the imple-
mentation in SNN. For this section, we denote the neural
representation of some state variable with the hat () symbol
to account for the differences between an ideal represented and
an approximated state. We begin by assuming some functional
approximation error €(P) resulting from a finite representa-
tional accuracy of a spiking neural population. Specifically, we
assume that this error exists in the representation and dynamic
formulation of the matrix P such that the neural representation
P evolves according to:

P = f(P)+e(P). (13)

where previously we assumed a converged solution such that
P = P* and P* = 0. For the online spiking neural repre-
sentation, the dynamics of the CARE are computed online, as

such P # 0. We define the dynamics of P as:
f(P)=—(ATP+PA—PBR'B"TP+Q)

with the gain
K=R'B'P.

As such, we can rewrite the closed-loop dynamics of equa-

tion () as
T = (A—BIA()x



where
K=R'BTP.
By taking the proposed candidate function (8)) and considering

neural dynamics:
V(z) =z Pz,

with time derivative:

V(z)=d'Pr+a' Pi+z' Pz (14)

We observe that the first two terms of equation (I4) are
identical to the analysis conducted in Section [lI-D| and can
be rewritten as:

@' Pr+a"Pi=—-2"(Q+ K'RK)z.

However, the third term of equation (14) is more complex,
incorporating the error term defined in equation (13)), resulting
in:

2T Pr = z" f(P)x+ 2 e(P)x.

Therefore, adding the residual term e(P) limits the time
derivative of the candidate Lyapunov function from being
strictly negative definite and requires further evaluation. Carry-

ing the third term 2T Px through the above derivation results
in the following time derivative of the candidate Lyapunov
function:

V=-2"(Q+ K"RK +¢(P))z. (15)

By assuming there exists a upper bound € to the error term as
follows:

le(P)ll <&
we can now update our constraint of stability from (T3] to:
Viz)=—-2"(Q+ K "RK)z+ex'z <0.

Since we showed in Section that —z T (Q + KTRK)x is
negative-definite, the upper bound of the error must not bring
V' to be greater than zero as

" (Q+ K "RK)x > ex' . (16)

Let Apin(M) be the minimum eigenvalue for some given
matrix M. We can define a new inequality as:

' Mz > Apin(M)z "z, Ve,
letting us rewrite equation (I6) as:
)\min(M)osTx <éer'z.
Thus, concluding stability occurs at:

€ < Amin(KTRK + Q). (17)

2) Stability Discussion: The stability analysis above shows
that the closed-loop system remains asymptotically stable,
provided that the functional approximation in the Riccati dy-
namics, €, is sufficiently small. Specifically, the approximation
error reduces the stability margin of the LQR controller, acting
as a disturbance to the Lyapunov derivative. Because we im-
plement the CARE dynamics and closed-loop controller inside
the NEF, the total error can be composed of € = Eqist + Fhoises
where each term captures a distinct source of deviation from
the ideal continuous-time LQR solution. The distortion error
Eqy;s arises from the approximation error between the actual
and neurally decoded values:

1 N
Eaqist = 5/ X — Z;diai(x) dx.

The noise-induced error F}.ise captures the stochastic fluctu-
ations induced by spiking activity:

1 N
Enoise = 502 Z d12a
=1

where d and a are the decoders and activity of a given neuron
to an input x as described in section [[I-A] Furthermore, o
is the per-neuron spike noise standard deviation, suggested at
0 = 0.lamax in [17]. This composition of the error allows
us to calculate it to connect tunable parameters, such as
network size, to stability guarantees. A potential design policy
could consider first choosing an initial neuron count N, then,
estimating € = Fgist + Fhoise and verifying the stability
condition for € < Amin (KT RK + Q), finally, if satisfied, the
controller is stable; otherwise, increase the neuron count N.

Choose:
Initial Neuron Count N'

>
>
A

Estimate:

€ = Egist + Enoise

Increase Neuron
Count N

A

No Is Yes

€ < Amin(KTRK + Q)?

Fig. 2. Design workflow for ensuring closed-loop stability in the proposed
spiking LQR controller. The diagram outlines the steps for determining the
total neuron count required, evaluating distortion and noise error for stability
margins.



This practical design procedure for selecting network pa-
rameters that satisfy the derived stability conditions is illus-
trated in Fig. 2} This provides a quantitative link between
neuromorphic resource allocation and closed-loop stability.

III. SIMULATION RESULTS
A. Experiential setup

The target system to control is the dynamic model of
the yaw subsystem of the 3 DOF Hover System from
Quanser [21]. It consists of a 4-rotor dynamic testbed con-
strained at the center of mass. We are interested in the yaw
rotational motion about its body axis b3 described by the angle
1. The free-body diagram of the 3 DOF Hover System is
illustrated in Fig. 3]

Fig. 3. 3 DoF Hover system diagram. Positive rotations are defined with the
right-hand convention.

The following assumptions are made to facilitate the devel-
opment of the dynamic model for control.

Assumption 1: Principal moment of inertia about the b3 axis
is known.

Assumption 2: Yaw angular position and velocity w.r.t. the
inertial frame are measured with sufficient precision.

Assumption 3: Motor dynamics are considered linear.

The differential equation for the yaw rotational motion can
be expressed as:

Jagth =T+ T, —T; — T
=k (Vo + Vi) — ke (Vi + V)
where k; is the thrust-torque constant, J33 is the principal
moment of inertia about the b3 axis, V¢, V;, Vi, V. are the

front, back, left and right motor voltage, respectively, and I';,
T, I'y, T'y are the torques generated by the left, right, front

and back rotors, respectively. Defining the state vector x| =

[ ¢ ¢ ], the output vector y" = [ ¢ 4 | and the control
vector u! = [ Vi V» V. W ] the corresponding state-
space representation is given by:

#(t) = Az(t) + Bu(t), y(t)=Cx(t)+ Du(t)  (18)

with the matrices A, B,C and D defined as:

0 1 0 0 0 0
A:k J’B:Lm_m ke m]

J33 Jsz  Jsz  Js3
1 0 0 0 0 O
C‘k J’D_b 000}

where k; = 0.0036 N m/V and Js3 = 0.1104 kg m?.

B. Results

We begin by demonstrating the performance of the pro-
posed neural LQR controller on the simplified yaw dynamics
described by equation (T8). The control task requires the state
to track a sinusoidal reference signal, 24es = 0.5sin(0.17t),
along with its corresponding time derivative.

The evolution of the CARE state matrix P(¢) over time is
shown in Fig. 4| The entries of P(t) converge smoothly to
their optimal steady state values P*, indicating that the neural
ensemble accurately represents and computes the solution to
the CARE.

40| ]
30| ]
20/ ]
10} ]
— P[0,0]— P[0, 1]
of P[0 P[L1]] |
0 10 20 30 40 50

Time s

Fig. 4. Time evolution of the entries of the neural Riccati matrix P(t) is
represented by solid lines (—,—, ). Dashed lines (---,---,---,---) indicate
the optimal steady-state values P*.

Fig. 3] illustrates the tracking behavior of the controlled state
x(t). The reference trajectory x4 is accurately tracked by the
actual state under the neural LQR controller, with small errors
arising from the inherent approximation errors induced by the
spiking neural representation. The Fig. 3] also includes the
ideal trajectory xigeal = [ Wldeal 1/}1dea1 ] , for comparison,
simulated in the absence of spiking neural networks. We
show Z14eal to demonstrate the performance of an ideal LQR
controller, such that we can compare tracking performance
against the neuromorphic free approach.

Finally, the stability of the controller is assessed in Fig. [f]
which compares the minimum eigenvalue Apin(Q + K T RK)
against the threshold € derived from the stability condition in
equation (T7). This result confirms that Ay, (Q+K T RK) > €
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Fig. 5. Tracking performance of the state z(¢) denoted by the solid lines

(—,—) under neural LQR control. The reference z40s is denoted by the
dotted lines (), and the ideal state x140,) in the absence of spiking neural
networks is denoted by the dashed lines (---,---).
30F 1
25 8
20+ 8
151 8
101 8
=L ----€ |
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L R | I R
0 10 20 30 40 50
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Fig. 6. Minimum eigenvalue A\pin(Q + K TRK ) over time demonstrating
stability with respect to the threshold €.

throughout the simulation, verifying that the closed-loop sys-
tem remains stable under a neural implementation.

Table [I| summarizes the effect of increasing the number
of neurons in the spiking implementation of the controller
in both populations. As expected from the NEF, increasing
the number of neurons increases the representational capacity
of the ensemble, leading to improvement in performance.
Tracking RMSE decreases sharply with diminishing returns
between 500 to 1000 neurons. A similar trend is observed in
the Riccati state approximation, showing that a higher neuron
count lets the neural solution approach the optimal solution.
The stability margin derived from the bound in equation (I7))
with € also improves with neuron count. Noting that with
100 neurons, stability can not be guaranteed as the minimum
eigenvalue A, must evolve dynamically as P converges. It
can be observed in Fig. E] that the value of A\, starts with a
value less than the error upper bound € from Table [I] for 100
neurons. Overall, larger ensembles reduce error from noise and
distortion, reducing the representation error.

IV. DISCUSSION

In this work, we propose a fully spiking LQR controller by
implementing the CARE in recurrent spiking dynamics. We
validate the proposed controller through a stability analysis,
concluding with a condition of stability, connecting tunable
parameters to performance. The results depicted in Fig. [

TABLE I
PERFORMANCE METRICS FOR VARYING ENSEMBLE SIZES IN BOTH
NEURAL ENSEMBLES

Number of _

Neurons Tracking RMSE P RMSE € Amin,SS
100 15.815 38.141 14.451 26.451
500 0.453 6.022 3.233 28.719
1000 0.178 4.185 1.493 24.841
5000 0.146 2.012 0.301 24.078

indicate that the proposed controller exhibits a similar per-
formance as with the ideal case that has no spiking neurons.
The conditions provided by the stability analysis are validated
in Fig. [6] resulting in the convergence of the CARE, illustrated
in Fig. {]

The spiking implementation of the continuous-time LQR
controller successfully reproduces the behaviour of the ideal
(non-spiking) controller. Figure [5] shows that the state trajec-
tory closely tracks the desired reference signal, with the error
decreasing as the number of neurons increases. The CARE
matrix P(t) converges approximately to the optimal steady-
state solution P*, see Fig. ] demonstrating that the recurrent
spiking neural network dynamics effectively approximate the
true CARE dynamics.

Several limitations of the current approach should be ac-
knowledged. Firstly, the current method of solving the CARE
assumes time-invariant dynamics on A and B from the plant.
Extending this architecture towards time-varying dynamics is
feasible; however, it would require updates to the proposed
controller and an extended stability analysis. Secondly, scaling
to higher dimensions is challenging, specifically because the
CARE requires representing and updating a full matrix P €
R™*™, Representing n? variables in ensembles is feasible for a
reasonable n, but becomes challenging for higher-dimensional
systems, as the computational load scales quadratically with
the state dimension.

V. CONCLUSIONS

This work presents a step towards optimal control imple-
mented entirely in spiking neural hardware by introducing
a spiking neural solver for the Continuous-Time Algebraic
Equation. By embedding the CARE dynamics directly within
recurrent spiking neural networks, we enable an online, fully
spiking implementation of the LQR controller without the
need for additional digital computation. The stability analysis
conducted in this work establishes clear conditions under
which the spiking CARE remains stable, providing a theo-
retical foundation for designing controllers in spiking neu-
ral networks. We demonstrate that the proposed controller
achieves tracking performance comparable to the ideal non-
spiking implementation, while retaining converging dynamics
of the CARE. Together, these contributions highlight both
the feasibility and performance of solving optimal control
problems within neuromorphic frameworks.

Future research directions include several key extensions.
Develop high-dimensional matrix representations, using struc-
tured representations such as low-rank or block-diagonal



factorization encodings in the NEF. Extending the solving
of the CARE to time-varying systems, allowing for online
updating of the controller gain as dynamics evolve. Finally,
deployment on neuromorphic hardware and interfacing with
physical systems to evaluate energy consumption and real-time
performance.
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