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The Abstraction and Reasoning Corpus for Artificial General Intelligence (ARC-AGI) is a generative,
few-shot fluid intelligence benchmark. Although humans effortlessly solve ARC-AGI, it remains
extremely difficult for even the most advanced artificial intelligence systems. Inspired by methods for
modelling human intelligence spanning neuroscience to psychology, we propose a cognitively
inspired ARC-AGI solver. Our solver integrates System 1 intuitions with System 2 reasoning in an
efficient and interpretable process using neurosymbolic methods based on Vector Symbolic Algebras
(VSAs). Our solver works by object-centric program synthesis, leveraging VSAs to represent abstract
objects, guide solution search, and enable sample-efficient neural learning. Preliminary results
indicate success, with our solver scoring 10.8% on ARC-AGI-1-Train and 3.0% on ARC-AGI-1-Eval.
Additionally, our solver performs well on simpler benchmarks, scoring 94.5% on Sort-of-ARC and
83.1% on 1D-ARC —the latter outperforming GPT-4 at a tiny fraction of the computational cost.
Importantly, our approach is unique; we believe we are the first to apply VSAs to ARC-AGI and have
developed one of the most cognitively plausible ARC-AGI solvers yet. Our code is available at: https://

github.com/ijoffe/ARC-VSA-2025.

The Abstraction and Reasoning Corpus for Artificial General Intelligence
[ARC-AGI"] challenges the tremendous progress deep learning has made
in artificial intelligence (AI). ARC-AGI is a fluid intelligence benchmark
comprising a collection of grid prediction tasks (see Figs. 1, 2). The goal of
the test-taker, human or Al, is simple: given a few pairs of input and output
grids containing abstract symbols, determine the rules underlying the
symbol transformations and use this understanding to predict the output
grids corresponding to lone test input grids. ARC-AGI is easy for humans.
Human performance is estimated to be 85.0% and all tasks were solved by at
least one of two experts’, indicating human intelligence can completely solve
the benchmark. Conversely, ARC-AGI is hard for AI Despite ample focus
and investment over multiple $1, 000, 000 competitions*’, the benchmark
remains unbeaten. ARC-AGI has proved resistant to old and new deep
learning techniques, including the large language model (LLM)—OpenAT’s
original GPT-3° scored 0.0%° notwithstanding claims of emergent
reasoning’. The chasm between human and Al performance on ARC-AGI
suggests fundamental problems with leading approaches to Al.

Two such problems often identified in the literature are sample-
efficient learning and explicit reasoning®'’. Deep learning’s success
requires vast amounts of often-labelled high-quality training data,
making it ineffective in the sample-few regime. Additionally, deep

learning systems struggle with representing explicit rules, sometimes
manifesting in poor out-of-distribution generalization. Vector Symbolic
Algebras (VSAs), a neurosymbolic Al method introducing syntactic
structure into high-dimensional distributed representations, hold pro-
mise to overcome these two limitations that ARC-AGI targets. VSAs
specify high-dimensional vectors to represent structured low-
dimensional data, discrete or continuous. Thus, instead of learning
useful embeddings from huge datasets, a VSA can be used to encode data
with desired inductive biases. VSAs also define operators for the com-
position and systematic processing of data. Thus, instead of learning
shortcut transformations that may generalize poorly to unseen inputs, a
VSA, despite relying on distributed representations, can be used to
express certain operations analytically. Additionally, VSAs support
discrete search and neural learning, both of which are helpful for ARC-
AGI. These strengths of VSAs, along with their ability to effectively
model cognitive processes in a biologically plausible manner'"'’, make
them an excellent candidate for helping solve ARC-AGI.

We propose a novel, neurosymbolic, cognitively inspired ARC-AGI
solver. Our solver uses VSAs, a general cognitive modelling framework, to
bridge intuition and reason and capture the efficiency and interpretability of
human intelligence. We believe we are the first to apply VSAs to ARC-AGI
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Fig. 1 | ARC-AGI task 0962bcdd. Here, the
implicit pattern is to transform each multi-coloured
object into a particular larger object.
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Testing

and, in doing so, have developed one of the most cognitively plausible ARC-
AGI solvers yet. The rest of this paper is organized as follows:

o “Results” presents our results. We examine our solver’s performance
on ARC-AGI and related datasets.

* Discussion analyzes our approach. We outline our solver’s strengths
and report its weaknesses.

* Methods explains our approach. To begin, we introduce the VSA used,
discuss motivating history, and describe ARC-AGI further. Then, we
detail and justify each part of our solver’s design.

Results

We evaluate the performance of our solver on ARC-AGI and related
benchmarks. Because our solver generates task solutions as neurosymbolic
programs, we can probe performance by executing the solution program on
both the training input grids and the testing input grids. When our solver
can correctly solve the demonstrations, it has some understanding of the

task; when our solver can correctly solve the queries, it has a true (ie.,
generalizable) understanding of the task. Therefore, demonstration per-
formance indicates whether our solver can conceptualize the objects and
actions underlying task transformations, but query performance reveals
whether our solver can extract and apply the underlying patterns. We report
both accuracy, the proportion of all demonstrations or queries in the dataset
solved correctly, and task accuracy, the proportion of tasks for which all
associated demonstrations or queries were solved correctly. The main
performance metric, except where noted, is query task accuracy. All
experiments use representations with N = 4096-dimensional vectors. Note
that N is a hyperparameter, and our value of N was chosen to empirically
maximize performance while minimizing computational demands.

Main Benchmarks

Our solver scores 10.8% on ARC-AGI-1-Train and 3.0% on ARC-AGI-1-
Eval (see Table 1). We report performance on the training splits in addition
to the evaluation splits because they are easier and, thus, more approachable
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Fig. 2 | ARC-AGI task 54d9e175 . Here, the Training
implicit pattern is to colour each black region par-
titioned by the grey pixels according to the colour of 3x11 3x11
the lone pixel at its centre (blue to pink, red to
orange, green to cyan, and yellow to purple).
3x11 3x11
—
3x11 3x11
m
7x11 7x11
—
Testing
7x11 7x11
—
Table 1 | Our solver’s performance on ARC-AGI
Benchmark Split Demonstrations Queries
Acc. (%) Task Acc. (%) Acc. (%) Task Acc. (%)
ARC-AGI-1-Train (n = 400) 57.5 48.8 12.7 10.8
ARC-AGI-1-Eval (n = 400) 43.6 33.5 3.3 3.0
ARC-AGI-2-Train (n = 1000) 46.7 35.9 6.5 5.8
ARC-AGI-2-Eval (n = 120) 19.5 11.7 0.0 0.0

We report performance on each benchmark split separately.

(note that the training splits are not used for training; our solver does not
require any pre-training). As expected, our solver performs better on ARC-
AGI-1 than on ARC-AGI-2 and performs better on training splits than
evaluation splits. Note that the performance of our solver is notable given the
extreme difficulty of the benchmark, but far from state-of-the-art. The main
contribution of our solver lies not in its raw performance, but in its novel
approach.

Related benchmarks

Because of ARC-AGTI’s extreme difficulty, many simpler versions capturing
certain important features of the benchmark have been made. We also
evaluate the performance of our solver on some of these benchmarks.

Sort-of-ARC" is a collection of 1000 restricted ARC-AGI-like tasks.
Each task comprises |D| = 5 demonstrations and |Q| = 1 query; all grids
are 20 x 20 and contain three non-overlapping objects of random colour,
location, and 3 x 3 shape. The solution is always to move all objects
matching a randomly-chosen colour or shape by one pixel in one of the four
cardinal directions and leave all other objects unchanged. Although simple,
Sort-of-ARC directly tests condition-action learning.

Our solver scores 94.5% on our instantiation of Sort-of-ARC
(see Table 2). Notably, our solver performs better on tasks with a colour-
based condition than those with a shape-based condition. This is because,
with our solver’s representation scheme, different colour representations
have near-zero similarity but different shape representations may have very
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Table 2 | Our solver’s performance on Sort-of-ARC ®

Table 3 | Our solver’s performance on 1D-ARC **

Benchmark Split Demonstrations Queries
Acc. (%) TaskAcc. (%) Acc. (%) Task
Acc. (%)
All (n = 1000) 99.7 99.4 — 94.5
Colour (n = 500) 100.0 100.0 — 100.0
Shape (n = 500) 99.4 98.8 - 89.0

We report performance on tasks with a colour-based condition and tasks with a shape-based
condition separately. Our version of the dataset was randomly generated according to the
description in the original work ™.

high similarity. Note that this is an inductive bias that was explicitly encoded
into our solver’s representation scheme; designing a different object repre-
sentation scheme that facilitates near-zero shape similarities, or other task-
specific inductive biases, would be straightforward. As a result, without
diverse negative examples in the demonstrations, the operation predictors
tend to over-generalize shape abstractions (e.g., our solver may move
U-shaped objects when the solution is to move all O-shaped objects and the
demonstrations lack U-shaped or similarly-shaped objects). This general-
ization capacity enables our solver to solve more complex tasks, but
sometimes poses challenges for simple tasks requiring strict rules.

1D-ARC" is a collection of 900 one-dimensional ARC-AGI-like tasks.
Each task comprises |D| = 3 demonstrations and |Q| = 1 query; all grids
are a single row of pixels. Tasks are divided into 18 types, such as “Move
Dynamic” and “Recolour By Size”, each capturing some important opera-
tion in ARC-AGI. Each type contains 50 random instantiations of the
operation. Designed to probe how LLMs solve ARC-AGI, 1D-ARC thor-
oughly tests the application of particular operations.

Our solver scores 83.1% on 1D-ARC (see Table 3). Our solver can
consistently solve tasks involving operations within its DSL, such as those
requiring recolouring (e.g., Recolour by Odd Even and Recolour by Size),
recentring (e.g., Move 1, Move Dynamic, and Scaling), and reshaping (e.g.,
Fill, Hollow, and Pattern Copy). But, our solver falters on tasks requiring
operations outside of its DSL, such as reflecting (e.g., Flip and Mirror). Still,
our solver vastly outperforms GPT-4" on this benchmark, scoring higher on
17 out of the 18 task types (see Table 3) at a tiny fraction of the computa-
tional cost.

KidsARC" is a collection of 17 single-demonstration ARC-AGI-like
tasks. Each task comprises |D| = 1 demonstration and |Q| = 1 query (ie.,
has only one pair of training grids and one pair of testing grids); all grids in
the 9 simple tasks are 3 x 3, and all grids in the 8 concept tasks are 5 x 5. The
9 simple tasks invoke elementary concepts and can be presented as A: B:: C:
D or as A: C: : B: D; the 8 concept tasks invoke higher-level abstractions.
Designed to understand how children approach ARC-AGI, KidsARC
uniquely tests extreme generalization.

Our solver scores 57.7% on KidsARC (see Table 4). Our solver can
abduce the correct operations (e.g., recolouring, recentring, and
reshaping) and even learn useful abstractions from a single demon-
stration (e.g., objects near the top of the grid and dominant versus noise
objects). But, our solver falters when extreme generalization of a high-
level concept is needed from a single example (e.g., objects between other
objects and objects with the majority colour). Again, our solver out-
performs many LLMs on this benchmark, still at a tiny fraction of the
computational cost.

ConceptARC" is a collection of 176 complex ARC-AGI-like tasks.
Each task comprises a variable number of demonstrations and |Q| = 3
queries; like ARC-AGI, grid sizes are variable. Tasks are divided into 16
concept groups, such as “Above and Below” and “Same and Different”, each
capturing some important abstraction in ARC-AGI. Each group contains a
minimal example alongside 10 carefully-designed instantiations of the
concept. Designed to probe how completely ARC-AGI solvers understand
the concepts they use, ConceptARC thoroughly tests the comprehension of
particular concepts.

Benchmark Split Demonstrations Queries GPT-4
Acc. (%) Task Acc. Task
Acc. (%) (%) Acc.
(%)
All (n =900) 971 92.9 - 83.1 -
Move 1 (n = 50) 100.0 100.0 - 100.0 66.0
Move 2 (n = 50) 100.0 100.0 - 100.0 26.0
Move 3 (n = 50) 100.0 100.0 - 100.0 24.0
Move Dynamic (n 100.0 100.0 — 90.0 22.0
=50)
Move2 Towards(n  100.0 100.0 - 98.0 34.0
=50)
Fill (n = 50) 100.0 100.0 - 100.0 66.0
PaddedFill (h=50) 100.0 100.0 - 46.0 26.0
Hollow (n = 50) 100.0 100.0 — 100.0 56.0
Flip (n = 50) 77.3 44.0 — 12.0 70.0
Mirror (n = 50) 94.0 90.0 - 28.0 20.0
Denoise (n = 50) 100.0 100.0 - 100.0 36.0
Denoise 100.0 100.0 - 98.0 60.0
Multicolour (n = 50)
Pattern Copy (n 100.0 100.0 - 100.0 36.0
=50)
Pattern Copy 100.0 100.0 - 100.0 38.0
Multicolour (n = 50)
Recolour by Odd 100.0 100.0 — 96.0 32.0
Even (n = 50)
Recolour by Size 100.0 100.0 - 100.0 28.0
(n =50)
Recolour by Size 76.0 38.0 — 32.0 20.0
Comparison (n
=50)
Scaling (n = 50) 100.0 100.0 - 96.0 88.0

We report performance on each task type separately. We compare our results to results obtained by
directly prompting GPT-4 ™, as reported in the original work ™.

Table 4 | Our solver’s performance on KidsARC'®

Benchmark Demonstrations Queries LLMs
Split
Acc. (%) Task Acc. Task
Acc. (%) (%) Acc. (%)
All (n = 26) = 92.3 = 57.7 =
Simple (n = 18) — 94.4 - 66.7 33.2
Concept (n = 8) - 87.5 - 37.5 11.9

We report performance on simple and concept tasks separately. We compare our results to
aggregate results obtained by directly prompting various LLMs, including GPT-4 ', as reported in
the original work "°.

Our solver scores 20.5% on ConceptARC (see Table 5). Our solver
performs well on spatial concepts (e.g., Above and Below, Filled and Not
Filled, Horizontal and Vertical, and Top and Bottom 2D) because of the
inductive biases provided by SSP representations. But, our solver falters
on tasks requiring interpolative object perception (e.g., Clean Up,
Complete Shape, Copy, and Top and Bottom 3D) because of its sim-
plistic and relatively few object hypotheses, and advanced explicit
reasoning (e.g., Count, Order, and Same and Different) because of its
set-based program structure. Still, our solver performs comparably to
GPT-4" on this benchmark, again at a tiny fraction of the computa-
tional cost.
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Table 5 | Our solver’s performance on ConceptARC"’

Benchmark Split Demonstrations Queries GPT-4
Acc. (%) Task Acc. (%) Acc. (%) Task Acc. (%)
All (n =176) 791 73.3 20.5 1.4 —
Minimal (n = 16) 91.3 87.5 52.1 31.2 —
Above and Below (n = 10) 87.5 90.0 26.7 20.0 23.3
Centre (n =10) 80.0 70.0 23.3 10.0 33.3
Clean Up (n =10) 91.3 90.0 6.7 0.0 20.0
Complete Shape (n = 10) 90.5 90.0 3.3 0.0 23.3
Copy (n =10) 65.2 70.0 0.0 0.0 23.3
Count (n = 10) 11.1 10.0 3.3 0.0 13.3
Extend To Boundary (n = 10) 93.1 90.0 3.3 0.0 6.7
Extract Objects (n = 10) 43.5 40.0 20.0 20.0 3.3
Filled and Not Filled (n = 10) 82.8 70.0 20.0 0.0 16.7
Horizontal and Vertical (n = 10) 96.0 90.0 36.7 30.0 26.7
Inside and Outside (n = 10) 69.0 60.0 20.0 10.0 10.0
Move To Boundary (n = 10) 92.0 90.0 30.0 10.0 20.0
Order (n =10) 76.2 70.0 10.0 0.0 26.7
Same and Different (n = 10) 84.8 70.0 6.7 0.0 16.7
Top and Bottom 2D (n = 10) 941 80.0 60.0 50.0 23.3
Top and Bottom 3D (n = 10) 80.6 70.0 6.7 0.0 20.0

We report performance on the minimal tasks as well as each task type separately. We compare our results to results obtained by directly prompting GPT-4 '°, as reported in the original work '’. Note that
ConceptARC measures performance as the proportion of queries solved correctly, not the proportion of tasks with all queries solved correctly.

Table 6 | Our solver’s performance on MiniARC'®

Demonstrations Queries

Task Acc. (%) Acc. (%)
55.0 —

Benchmark Split

Acc. (%)
69.9

Task Acc. (%)
13.4

All (n = 149)

MiniARC" is a collection of 149 miniature ARC-AGI-like tasks. Each
task comprises a variable number of demonstrations and | Q| = 1 query; all
grids are 5 x 5. Like ARC-AG], task content is unconstrained. Designed to
simplify ARC-AGI without compromising its core tenets, MiniARC tests
reasoning without grid size effects.

Our solver scores 13.4% on MiniARC (see Table 6). Notably, our solver
can solve multiple tasks requiring conceptualizing and implementing
arbitrary object mappings (e.g, tasks lé6aftgp22mlspnmlzxb,
l6acypud56b4mlz5409, and 16afcchhOwfewOrhswzq).

Discussion

Our solver structures solutions as a specific definition of task-relevant
objects and a specific program comprising a set of rules describing how
objects behave. Objects are represented by high-dimensional vectors
encoding their colour, centre, and shape. Program rules are if-then state-
ments that conditionally execute standard actions on certain objects based
on object features. This paradigm is flexible enough to express natural
solutions to many ARC-AGI tasks, but simple enough for synthesis to
remain tractable.

Our solver generates solutions with a heuristic-guided search process
and a neurosymbolic learning architecture. First, our solver abduces the
simplest objects and actions explaining the demonstrations. Second, our
solver generalizes its observations into rules applicable to any valid input
grid. Third, our solver applies these rules to answer all queries. This process
combines the strengths of symbolic and connectionist Al leveraging VSA
representations for robustness and interpretability in search and learning.

Any model of human intelligence must be efficient and interpretable.
For ARC-AG]I, this is true of both the solution synthesis process and the
synthesized solution itself.

Human intelligence is efficient. The brain’s power consumption is
much lower than that of modern computers, and humans effortlessly solve
ARC-AGI. Because our solver uses neither brute force search nor large NN,
its computational demands are relatively small. Instead of requiring com-
putationally expensive pre-training, our solver uses VSAs to supply
inductive biases; this makes our solver, which runs for mere minutes on a
CPU, much more efficient than LLMs including GPT-4"°, which cost tens of
millions of dollars to train'’ and more yet to inference from its hundreds of
billions of parameters. Our solver considers relatively few solution candi-
dates in depth because simple and cheap heuristics are used to prune the
search space, minimizing wasted energy on unnecessary reasoning. Overall,
our solver is efficient.

Human intelligence is interpretable. When prompted, humans can
detail both the problem solving steps they took and the solution they arrived
at. Because intermediate hypotheses are relatively few, all steps taken by our
solver are traceable and intentional. The solution programs generated are
compact and integrate directly interpretable symbolic expressions with
interpretable NNs implementing simple operations on structured data.
Overall, our solver is interpretable.

Our methods are applicable to other problems beyond ARC-AGI.
We use general VSA representations capable of implementing many
features of cognition. For example, Spaun®”, the world’s largest
functional brain model, uses similar representations to closely model
several different parts of the brain and perform a wide array of cognitive
tasks. Additionally, we apply general principles learned from human
psychology to motivate and structure our solver. For example, we
explicitly model the interplay of System 1 intuitions and System 2
reasoning™ in a unified substrate. Our particular implementation and
architecture is ARC-AGI-specific, but the underlying principles and
tools are general; similar VSA-based approaches may be taken to solve
other problems requiring System 1, System 2, or both. Fundamentally,
VSA-powered neurosymbolic models represent a universal approach to
cognitive modelling and Al

Our approach furthers progress on ARC-AGI. Chollet, the creator of
ARC-AGI, has argued the proper solution to ARC-AGI may be
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neurosymbolic’, involving both symbolic program synthesis and connec-
tionist deep learning. VSAs offer a new means of bridging symbolic and
connectionist Al for ARC-AGI. To the best of our knowledge, our solver is
the first to apply VSAs to ARC-AGI, making our approach unique and
novel. Additionally, because we use cognitively and biologically plausible
representations in a psychologically-motivated framework free from brute
force search and opaque deep NN, we believe our solver is one of the most
cognitively plausible ones yet.

Our solver owes its success to the same strengths of VSAs that make
them so effective for other cognitive tasks. First, VSAs bridge symbo-
licism and connectionism, combining the benefits of both. In a single
unified framework, VSAs enable both heuristic-guided search with
explicit reasoning and sample-efficient neural learning. Second, VSAs
capture many inductive biases humans have. In this sense, VSAs
effectively model human intelligence, which remains the best ARC-AGI
solver. The required numbers and geometry core knowledge priors are
implicitly provided by SSP representations, and objectness is explicitly
modelled by our solver in other ways (we leave goal-directedness for
future work). Additionally, VSAs are generally efficient and noise-tol-
erant, as evidenced by their emerging applications on unreliable
hardware in extreme environments™.

Our solver is primarily limited by its inability to generate new grid
size change, object, and action hypotheses on-the-fly. The demonstra-
tion abduction stage is only capable of applying existing notions of what
grid sizes, objects, and actions may be taken from finite sets. This is
permissible with a sufficiently-sized hypothesis set because all ARC-
AGI tasks must be derived from the core knowledge priors, but our
solver’s sets are currently not large enough. Furthermore, we do not
address the fundamental problem of how these conceptualizations
came to be; instead, we assume they have already been acquired.
Maintaining cognitive plausibility, we model the process by which
humans recombine existing knowledge, represented as inductive biases
built into the VSAs and symbolic programs, to solve new tasks. In this
sense, our solver is not artificial general intelligence because it uses a
domain-specific language; a true AGI solution must be DSL-open, dis-
covering and applying novel transformations on-the-fly.

Other limitations are more pragmatic. First, our solver cannot
apply chained operations to a single persistent input object. This sim-
plifies solution synthesis by narrowing the search space of object-to-
object transforms at the cost of preventing arbitrary compositionality of
operations, but the GENERATE operation can compose RECOLOUR,
RECENTRE, and SHAPE operations. Second, our solver cannot apply
multiple instantiations of one operation to the same input object. This
simplifies program representation by restricting the program to one
rule for each operation at the cost of solving certain tasks. Third, our
solver can conceptualize neither many-to-one nor many-to-many
object mappings. This simplifies solution synthesis also by narrowing
the search space of object-to-object transforms at the cost of solving
tasks requiring comparison between objects, but creative object
hypotheses can often circumvent this. Fourth, our solver cannot con-
ceptualize multi-coloured objects. This simplifies object representation
by allowing separate colour, centre, and shape properties at the cost of
solving certain tasks, but creative actions can often circumvent this.
Fifth, our solver cannot conceptualize conditions of high-level object
properties. This simplifies object representation and maintains cogni-
tive plausibility at the cost of solving certain tasks, but these properties,
such as exact size and symmetry, can often be well-approximated by
other object properties, such as shape. All of these limitations are the
subject of ongoing work.

We presented a novel, neurosymbolic, cognitively inspired ARC-
AGI solver. Our solver works by VSA-enabled object-centric program
synthesis. Grids are represented as collections of objects encoded with a
VSA, and solutions are represented as programs comprising a set of
rules implemented with a VSA. Solution synthesis uses VSAs to
bridge symbolic and connectionist AI; modelling human intelligence,

VSA-powered System-1-style heuristics guide a System-2-style inten-
tional search process incorporating abductive, inductive, and deductive
reasoning. VSA representations enable sample-efficient neural learning
of rules, integrating automated abstraction discovery into the reasoning
process. The solution generation process is both efficient and inter-
pretable, maintaining cognitive plausibility. Our solver shows some
initial success, scoring 10.8% on ARC-AGI-1-Train and 3.0% on ARC-
AGI-1-Eval. Although these results are not state-of-the-art, they indi-
cate VSAs hold promise for ARC-AGI and warrant further investiga-
tion. Importantly, our approach is unique; we believe we are the first to
apply VSAs to ARC-AGI and, in doing so, have developed one of the
most cognitively plausible ARC-AGI solvers yet.

Methods

Vector symbolic algebras

Before explaining how our solver—which uses VSAs extensively—works,
we describe VSAs further. VSAs, also known as hyperdimensional com-
puting, are a family of algebras defining operations over a high-dimensional
vector space. In this work, we use Holographic Reduced Representations
[HRRs**], one particular VSA.

HRRs define four operations: similarity, binding, bundling, and
inversion. Following”’, we describe each.

Similarity, denoted by the - : R¥NxRN &5 R operator, operates on
two vectors, @ and b, to produce a scalar, s = a - b. The resultant value
represents the semantic similarity between the vectors. Similarity is imple-
mented as the vector dot product: s = a - b = (a,b) = |a|| ||b|| cos 6,
Because we usually work with unit-length vectors (i.e., ||a|| = ||b]| = 1), the
dot product is equivalent to cosine similarity and, thus, s falls between — 1
and 1. Similarity is commutative. In high-dimensional vector spaces, the
similarity between any two randomly-generated vectors is likely to be
extremely small. Similarity can be used to clean-up noisy vectors by repla-
cing the noisy vector with the one from a library of known vectors to which
the noisy vector is most similar.

Bundling, denoted by the + : RY x R¥ — R operator, combines
two vectors, a and b, into one, ¢ = a + b. The resultant vector is similar to
both input vectors (i.e., ¢ - @ > 0 and ¢ - b > 0); bundling gathers multiple
vectors into a single representation, producing a superposition of those
vectors. Bundling is implemented as element-wise vector addition. Bundling
is commutative and associative.

Binding, denoted by the & : R¥xRN - RV operator, combines
two vectors, a and b, into one, ¢ = a @ b. The resultant vector is dis-
similar to both input vectors (i.e., ¢ - @ ~ 0 and ¢ - b ~ 0); binding
associates two vectors, producing a new vector unlike either of the
input vectors. Binding is implemented as circular convolution:
c=a®b=FYFla} © F{b}}, where F is the discrete Fourier
transform (DFT) and ® denotes Hadamard, or element-wise, multi-
plication. Note that circular convolution is equivalent to the matrix-
vector multiplication of either vector’s corresponding circulant matrix
with the other vector. Binding is commutative and associative.

Inversion, denoted by the RN — RN operator, converts one vector,
a, into another, a'. The resultant vector bound with the input vector
approximately produces the binding identity vector (i.e.,a®a™' ~Iwherea
® I = a). Inversion can be used to unbind bound vectors: given a bound
vector, ¢ = a ® b, and one of its constituent vectors, a, the other can be
extracted by binding with the inverse of the known constituent (i.e., ¢ @ a’!
=a®b)®a'~b).

These four operations can be combined to encode and compute
useful functions on complex data structures, such as lists and graphs™.
For example, we can use a slot-filler representation to store multiple
features of an item in a compressed but interpretable format. Given
known slot vectors SIZE,SPECIES € RN, we can encode a small
dog as a = SIZE® SMALL + SPECIES®DOG and a large cat as
a = SIZE ® LARGE + SPECIES ® CAT, for instance. We can then
query  information  about each  object by  unbinding:
a®SIZE ' ~ SMALLand b® SPECIES™! ~~ CAT. The former query
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becomes

a®SIZE™! = (SIZE® SMALL + SPECIES @ DOG) ® SIZE™!
= SIZE® SMALL ® SIZE~! + SPECIES ® DOG @ SIZE™!
~ SMALL + SPECIES ®DOG ® SIZE™!
~ SMALL

(1

which works because SPECIES @ DOG @ SIZE ! behaves as noise that
can be eliminated by clean-up.

Furthermore, we can encode a list of k items as
m = 3 ¥ ITEM, ® ONE, where ONE' is the i-th index of the sequence®.
The slots, ONE', are defined according to a recursively-bound index vector,
ONE, as

TWO = ONE @ ONE = ONE?
THREE = TWO ® ONE = ONE @ ONE ® ONE = ONE? 2)
FOUR = ...

where use of the exponentiation symbol is purely for notational con-
venience; the underlying operation is not repeated multiplication, but
repeated binding. With this representation, the index of a known element in
the list or the element at a known index in the list can be queried.

Moreover, we can compute a transformation from a to b as binding
with the vector ¢ = b @ a'. Note that, because binding with a vector can be
implemented as multiplication by the circulant matrix of that vector,
binding transformations are a structured kind of linear transformation.
Importantly, the structure enforced into transformations by binding
increases the propensity for generalization of those transformations.
Binding transformations can thus implement, for instance, rules® and
analogical reasoning”'. Note that binding-as-transformation is particularly
relevant for self-inverse VSAs, although HRRs are not a self-inverse VSA.

The Semantic Pointer Architecture [SPA'] is an architecture for
modelling biological cognition using HRRs. The SPA has been used™” to
solve the Raven’s Progressive Matrices [RPMs™] by which ARC-AGI was
inspired. This RPM solver leveraged the binding-as-transformation inter-
pretation of HRRs; specifically, it worked by generating VSA representations
of each cell in the grid based on perceptual outputs, unbinding each cell’s
representation from its subsequent cell’s representation to obtain trans-
formation vectors, averaging these transformation vectors to obtain a single
rule vector, and applying this rule vector to the second-last cell to predict the
final cell. ARC-AGI is a significantly harder problem because of its less
constrained format (e.g., the requirement to generate solutions from
scratch) and content (e.g,, each task is distinct), but this past success suggests
VSAs hold potential.

VSAs, including typical HRRs, can represent and express a multitude
of discrete and continuous information structures and operations. However,
the continuous aspect has historically been relatively under-investigated.
Expanding on early suggestions”, Spatial Semantic Pointers [SSPs™"]
extend HRRs to continuous spaces. These representations can model™ grid
cell neurons observed in the brain®*’ and can be used to solve challenging
spatial reasoning tasks* ™.

An SSP encoding defines a mapping ¢ : R” — R from a low, D-
dimensional vector space, feature space, to a high, N-dimensional vector
space, SSP space, based on a generalization of recursive binding into frac-
tional binding. To understand this, consider a one-dimensional feature
space. Before, the vector representing the #-th index of the sequence, ONE",
was computed by binding ONE with itself n times. However, we can also

compute ONE" as

ONE" = ONE® ... ® ONE
—————

n times

=F'{ FIONE} ©...® F(ONE} ©)

n times

= FY{F{oNE}"}

where " represents element-wise exponentiation. This formulation allows
natural generalization from n € 7" to x € R; instead of encoding discrete
values by repeatedly binding the vector with itself, we can encode discrete or
continuous values by directly exponentiating the DFT of the vector and
taking the inverse DFT of this result. This formulation can be further
generalized to represent multi-dimensional features, x € R”, by binding
together the vectors representing each feature dimension. For example,
consider the two-dimensional feature space R*. Given basis or axis vectors
X,Y € RY, an arbitrary point in the feature space x = (x, y) can be expressed
in the SSP space as ¢(x) = X* @ Y = FHF(X} © F{¥Y}.
In the most general form, an SSP encoding is defined as

$x) = FH{} @

where ® € RY*? is the phase matrix of the SSP encoding and / € R is a
length-scale parameter. The phase matrix defines the mapping and ensures
all SSPs generated are real-valued. Particular choices of ® produce grid-cell-
like representations™.

SSPs can also be interpreted as probability representations over the
feature space”*. This is because similarity induces a kernel function***:
¢(x7) - Pp(x,) = k(x1, x,). The behaviour of this kernel function, k(- , - ), can be
modified by changing the distribution from which the phase matrix of the
encoding is sampled. Other HRR operations also behave specially on SSPs.
Binding is addition in the feature space: ¢(x;) @ ¢(x,) = ¢p(x; + x,). Note
that this makes shifting items easy when interpreting x as representing
location and means the zero vector in the feature space (i.e., the origin) is
represented as the identity vector in the SSP space (ie., $(0) = I). This is
because ¢(x) = ¢p(x + 0) = ¢(x) @ ¢(0) and ¢(x) = ¢(x) @ I. Inversion is
negation in the feature space: ¢(x) ' = ¢( — x). This is because I = ¢(0) =
d(x+ (— %) = (%) @ ¢( — x) and I = $(x) @ P(x)".

SSPs can be combined with other vectors to represent complex scenes.
For example, we can encode k items at certain positions in a scene as
a= Ef ITEM; ® ¢(x;). As in the discrete list example, the position of a
known item in the scene or the item at a known position in the scene can be
queried.

Dual process cognition
We often explain the operation of our solver with metaphors to dual process
theory”, supporting cognitive plausibility. To elucidate these comparisons,
we introduce dual process theory and its applications to both psychol-
ogy and AL

In psychology, the mind is often understood as being composed of two
complementary systems, System 1 and System 2. System 1 performs fast,
automatic tasks, and can be thought of as an agent modelled as a large
associative memory tuned by evolution and experience. System 1 operates
constantly and involuntarily, appraising the environment to evoke emotions
and produce impressions that generate a coherent world model. The
operation of System 1 is characterized by heuristics, accurate but imperfect
intuitions that intelligently guide behaviour. System 2 performs slow,
intentional tasks, and can be thought of as another agent aligning with our
conscious experience. System 2 operates sparingly and intentionally, solving
complex problems only when needed because mobilizing the required
cognitive resources is expensive. The operation of System 2 is characterized
by calculated reasoning for attention-intensive tasks. System 1 and System 2
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each play a role in intelligence because they solve different problems, so it is
often argued that a complete account of intelligence must model both®.

Early approaches to Al [e.g., ***], inspired by formal reasoning, sought
to emulate symbolic cognition®"". In this paradigm, intelligence arises from
strictly following explicit, hand-crafted rules. The resulting so-called expert
systems excel at conveying narrow domain knowledge and performing
logical reasoning, but suffer from important limitations. First, explicit
symbolic rules are brittle, robust to neither changes in the environment nor
noisy data in raw, perceptual form™ . Second, discrete search is not scal-
able, quickly becoming intractable due to inevitable combinatorial
explosion™. Third, learning is difficult, limiting generalizability and con-
straining systems to narrow scopes of expertise™>™.

Recent successes in Al [e.g.,”™], inspired by the observation of
countless neurons activating in concert in the brain®*, have been domi-
nated by the connectionist view”. In this paradigm, intelligence arises from
operations computed as functions of high-dimensional feature repre-
sentations in large-scale neural networks [NNs'**]. The resulting neural
and statistical machines are extremely powerful for extracting patterns from
data, but suffer from important limitations of their own®, First, connec-
tionist models scale to a fault, performing better with increased model and
dataset size but requiring large models and datasets to succeed*>”. Second,
connectionist models learn to a fault, sometimes memorizing their training
data and often generalizing poorly outside of their training
distribution’*>*"®; note that recent advancements in deep learning [e.-
g.,”"”'] have—at least superficially—improved the generalizability connec-
tionist systems. Third, learned high-dimensional representations and
operations are often opaque, historically rendering many connectionist
models unexplainable black boxes™***’% note that recent work on
mechanistic interpretability [e.g.,*’*] has partially mitigated this weakness
of connectionism.

Connectionist models excel at System 1 tasks, such as recognizing
images, transcribing speech, and generating text. Conversely, symbolic
models excel at System 2 tasks, such as logical inference and trial-and-error
search. We believe neurosymbolic models integrating elements of each
paradigm are necessary to completely model intelligence.

VSAs provide one type of neurosymbolic approach. VSAs bridge
symbolic and connectionist Al, combining the strengths of each to mitigate
the weaknesses of each. Symbol-like representations afford the benefits of
explicit, hand-crafted rules while overcoming the limitations of pure sym-
bolic models. Using distributed representations provides robustness to
noise, facilitates similarity metrics to guide search, and enables continuous
learning. Neural-like representations afford the benefits of neural learning in
NNs while overcoming the limitations of pure connectionist models. Using
structured representations with useful inductive biases and features pre-
encoded improves sample-efficiency in learning, enables generalizable
algebraic models, and permits direct interpretation of intermediate
representations.

Abstraction and Reasoning Corpus

Before explaining how our solver works, we provide a more detailed
description of ARC-AGI. Here, we discuss its theoretical foundations, its
exact format, how others have approached it, and how we approach it.

Al was originally defined as “the science of making machines do things
that would require intelligence if done by [people]”””. This skill-based view
of intelligence underpins many modern Al systems adept at one particular
task, but only that one task. The skills AT systems can perform—synthetic art
generation and natural language translation, for instance—have become
increasingly advanced, but the underlying paradigm remains the same:
models fit their many parameters to copious amounts of data during a
training phase, and statically apply their learned skill to unseen data during
an inference phase. In contrast, humans are simultaneously adept at many
tasks. A skilled human may be able to both create art and translate between
languages, and unskilled humans can learn these new skills. In this sense,
human intelligence is better characterized by its adaptability, fluidity, and
generality. Not only can we humans excel at particular well-known tasks, we

can rapidly learn to perform new tasks in response to new situations.
Human intelligence is dynamic, without disjoint training and inference
phases. In ARC-AGT’s initial introduction, Chollet defined intelligence as
skill-acquisition efficiency: the ability of a system to quickly develop novel
skills to solve novel problems'. In this view, crystalline skill at any number of
tasks is not intelligence; instead, intelligence is the process by which those
skills are learned. ARC-AGI aligns with this paradigm by testing the ability
of a system to learn arbitrary transforms on-the-fly from few examples.

ARC-AGI is a collection of abstract reasoning tasks (see Figs. 1 and 2).
The original dataset, ARC-AGI-1, consists of 400 public training tasks, 400
public evaluation tasks, and 200 private evaluation tasks. The newer version,
ARC-AGI-2, consists of 1000 public training tasks, 120 public evaluation
tasks, and 120 private evaluation tasks. The performance of a solver is
usually assessed on each group separately because the evaluation splits are
more difficult—specifically, the tasks in the training splits invoke fewer and
more elementary concepts. The private splits are known only to the ARC-
AGI team and are used to test the true generalizability of solvers. Each task
has a training component and a testing component. The training compo-
nent is a set, D, of a few demonstrations, or demonstration pairs. The
number of demonstrations is a feature of the task, but is usually about three
(in ARC-AGI-1-Train, 2 < | D| < 10 with median 3, mean 3.26, and standard
deviation 0.96). Each demonstration is composed of two grids, one input
grid and one output grid. Each grid, G € G, contains r rows and ¢ columns
of pixels. Grids must be rectangular; they are often square, but r need not
equal c. Grids range in size (in ARC-AGI-1-Train, r,c € {1, ..., 30} with
medians 10 and 10, means 9.64 and 10.03, and standard deviations 6.01 and
6.16); the sizes of the input and output grids in a demonstration often match,
but a grid size change may be part of the task. Each pixel, P; € I, is one of
ten discrete symbols provided as an integer but usually displayed as a colour
for human convenience. The exact colours used for display are arbitrary; no
task relies on facts about colours, such as that orange is a mix of red and
yellow. To summarize, D = {(GId? God) |G, € G, d=1...|D|}, where
G =P™*% and P = {0,...,9}. The input grid of each demonstration
can be mapped onto its corresponding output grid via some transformation.
This transformation, 7 ;, describes how to produce this specific output grid,
Gy, from the corresponding input grid, G;,. The transformations under-
lying each demonstration in a task share structure and can be generalized
into a simple common program. This program, P, describes how to produce
the corresponding output grid for any valid input grid. To summarize,
G, = Gy, foreachd € {1,...,|D|} and G, —> Gy, Vd € {1,...,|D]}.
The testing component is also a set, Q, of a few queries. The number of
queries is also a feature of the task, but is usually just one (in ARC-AGI-1-
Train, 1 <|Q| <3 with median 1, mean 1.04, and standard deviation 0.22).
A query is a lone test input grid without a provided output grid. The goal of
the solver is to correctly answer the queries; to solve a task correctly, the
solver must predict exactly the correct output grid, including both its size
and contents, for all queries. The performance of a solver is defined as the
proportion of some subset of tasks solved correctly.

What makes ARC-AGI so difficult is also what makes it compelling.
There are several important differences between ARC-AGI and other
benchmarks. First, the problem is generative. Instead of choosing the correct
output grid from a set of candidates as in classification tasks, such as the
RPMs, solvers must generate the output grid from scratch. Second, the
reasoning involved is—as the name suggests—abstract. Implied objects are
not grounded (i.e., they may have no real-world correlates), implied actions
invoke high-level ideas (e.g., motion until contact), and implied rules invoke
relative and fuzzy concepts (e.g., the largest among a set or the horizontal-
ness of a shape). As such, solvers must represent each grid in terms of its
abstract qualities and construct a program insensitive to inconsequential
details of the particular demonstrations. Third, no two tasks are alike. No
solution program should work for any pair of tasks, and the possible con-
cepts, transforms, and their compositions are wildly unconstrained.

Despite these complexities, ARC-AGI is based only on four core
knowledge priors™: objectness, goal-directedness, numbers, and geometry.
Objectness requires perceiving grids as collections of cohesive, persistent,
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interacting objects. Goal-directedness requires anthropomorphizing objects
into agents acting to achieve goals. Numbers requires understanding basic
arithmetic, such as counting, addition, and subtraction, and abstract
mathematical notions, such as sorting, smallest, and largest. Geometry
requires understanding position, symmetry, translation, rotation, scaling,
and the like. A solver with a thorough understanding of only these four
concepts can solve ARC-AGI; specialized knowledge, such as language or
external world facts, are unnecessary. Humans innately have some of these
priors from evolution, and acquire the others through experience interacting
with the modern world. Note that, here and throughout this paper, we use
‘understanding’ as shorthand for the extent to which an ARC-AGI solver’s
observed behaviour aligns with the human benchmark designer’s under-
standing of the invoked concepts; we do not mean to claim that ARC-AGI
solvers, including our own, understand anything in the same sense that
humans understand things.

Many ARC-AGI solvers can be divided into two broad classes: trans-
ductive solvers and inductive solvers™”’. Transductive solvers [e.g.”*™']
directly answer the queries without explicit intermediate reasoning. These
approaches use an NN, usually an LLM, to implicitly understand the
demonstration transformations and apply the query transformations all at
once, without generating any representation of the patterns underlying the
transformations. Inductive solvers [e.g.,” ] generate explicit rules mapping
input grids to output grids and apply these rules to the queries. These
approaches use various search techniques, but invariably cast ARC-AGl as a
program synthesis problem. Both approaches in isolation are problematic;
neurosymbolic approaches [e.g., "] integrating transduction and induc-
tion, such as deep-learning-guided program synthesis, have been suggested
as the ideal solution’.

Transductive solvers are dominated by LLMs and other transformer-
based” models. But, despite their impressive abilities, LLMs suffer from
several critical weaknesses that prove problematic for solving ARC-AGL
First, LLMs have poor numeracy. Stemming from fundamental limitations
of the transformer architecture'™'”", LLMs struggle to perform out-of-
distribution arithmetic'” or, infamously, to merely count the number of
occurrences of a symbol in a sequence'”. Second, LLMs struggle with fol-
lowing rules. As a result, LLMs cannot effectively play many games'*, and
even their ‘reasoning’ variants cannot follow steps well enough to con-
sistently solve complex problems'”. Third, LLMs struggle with out-of-
distribution generalization. LLMs lack robustness, manifesting in failures to
exhibit even simple forms of generalization: LLMs cannot generalize facts
into their reversed form®, are biased by content effects'*, and brittly collapse
on slight variations of known tasks®'”. Fourth, LLMs lack important
capabilities of human intelligence. LLMs cannot learn fast, generalize
broadly, or explicitly understand their actions'”. Language is useful to
express reasoning, but is not required to perform reasoning'”. These failures
of LLMs, along with their restriction to the text domain, suggest deficiencies
in ARC-AGTI’s required core knowledge priors and intrinsic issues with
performing the systematic reasoning required to solve ARC-AGI. LLMs,
when prompted directly or with chain-of-thought, and vision language
models both perform poorly in isolation" "

Inductive solvers perform search on either a general-purpose language
(GPL) or a domain-specific language (DSL). GPLs, such as Python, are
expressive and can be used to solve all ARC-AGI tasks, enabling scalability.
But, GPLs lack the inductive biases necessary to express solutions to ARC-
AGI simply, making search difficult. Conversely, DSLs, requiring hand-
crafted primitives, allow humans to introduce problem-relevant inductive
biases, making search easier. But, DSLs are not expressive enough to solve all
possible ARC-AGI-like tasks, limiting scalability. DSLs capable of solving all
existing ARC-AGI tasks'*'"” are massive and still may be incapable of
solving new tasks. Additionally, without proper guidance through the search
space, search processes are unintelligent.

Unfortunately, little is known about how exactly humans solve ARC-
AGI so effectively. But, some facts are clear from studies on humans. First,
humans reason in terms of objects. This is true in general, and action traces
of humans solving ARC-AGI tasks indeed show pixel groups are operated

on together'’. Second, humans dedicate time to explicit hypothesis gen-
eration. A non-negligible period of initial inaction is consistently
observed''. Third, humans can express their task solutions program-
matically. Transformations can be communicated in terms of natural lan-
guage rules'”’; whether the solution discovery process itself is program
synthesis remains unknown. Fourth, humans conceptualize features and
operations using high-level abstractions. For example, humans describe
their solutions in terms of objects with “tails”"', objects as “flowers™"**, and
objects “bumping into” each other'”; whether such abstractions are
necessary for the solving process remains unknown. Fifth, humans make
mistakes different from those made by artificial solvers. Human failures
usually show partial correctness indicating some understanding''*'"*, but
the failures of artificial solvers indicate little understanding'®. We take these
facts to suggest humans solve ARC-AGI by means of object-centric program
synthesis.

Importantly, transductive and inductive solvers are each doing
something entirely unlike what humans are doing; humans are not solving
ARC-AGI purely by means of transduction or induction. Transductive
solvers, based on connectionist networks, model System 1; inductive solvers,
based on symbolic engines, model System 2. But, neither is enough alone:
humans are able to solve ARC-AGI so effectively because of contributions
from both System 1 and System 2. Humans are guided by System 1 intui-
tions, immediate instincts arising from common sense and world knowl-
edge, but also generate and test explicit hypotheses with System 2 reasoning,
careful consideration of a limited number of ideas. We believe a neuro-
symbolic approach combining the strengths of symbolic and connectionist
Al is thus needed.

Solution structure

Fundamentally, we aim to develop a cognitively inspired ARC-AGI solver.
The goal of ARC-AGI is to spur progress towards artificial general intelli-
gence (AGI), so taking inspiration from human intelligence, the only known
general intelligence, is reasonable. Additionally, human intelligence remains
the best ARC-AGI solver by a wide margin, suggesting important insights
are missing from artificial solvers.

We believe humans solve ARC-AGI via object-centric program
synthesis. As such, our solver generates solutions to ARC-AGI tasks based
on objects and programs.

Humans reason about ARC-AGI with objects rather than with indi-
vidual pixels or whole grids. Fundamentally, an object is a group of pixels
transformed cohesively. Because the transformations are different in every
task, what makes a group of pixels constitute an object is task-dependent; the
same group of pixels may form an object in one task, but not in another.
Thus, for each task, an object definition must be discovered alongside the
transformations as part of the solution generation process. Following this
view, our solver represents each grid, input and output, as the set of its
constituent objects and each transformation, training and testing, as a series
of one-to-one operations on those objects.

Object representation determines both what tasks can be solved
and how those tasks can be solved. Certain object properties may be
required to solve some tasks, but not others. For example, an object’s
colour is relevant in ARC-AGI tasks 54d9e175 and a61£2674 (see
Figs. 2, 3), but irrelevant in ARC-AGI tasks 0962bcdd and
a6lba2ce (see Figs. 1, 4). Additionally, the way information is
represented makes some transformations easier to implement, but
others harder. For example, representing position in Cartesian coor-
dinates makes performing translations simple but rotations compli-
cated, and vice versa for polar coordinates.

We have adopted an object representation scheme that has the virtue of
simplicity while providing what we believe to be the most important
inductive biases necessary for solving ARC-AGI. For example, we hypo-
thesize that higher-level object properties, such as symmetry and exact pixel
count, initially go unnoticed by humans and are only encoded after their
relevance becomes apparent. Although necessary to rigorously solve some
tasks, these properties are not explicitly considered by our solver. Note that
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Fig. 3 | ARC-AGI task a61£2674 . Here, the
implicit pattern is to recolour the shortest stripe red
and the tallest stripe blue.

Training

Testing

other, more complex representation schemes could be designed to encode
these features or others.

Our object representation scheme has three features: colour, centre,and
shape. An object’s colour is its discrete symbol in the grid. Colour is
represented as one of ten vectors; as such, objects may only be one colour.
An object’s centre is the midpoint of the furthest extent of all its pixels in all
directions. Centre is represented as the SSP (recall that an SSP, or Spatial
Semantic Pointer, is a type of vector embedding that is engineered to encode
continuous space with particular inductive biases, as explained in “Vector
Symbolic Algebras”) encoding the two-dimensional coordinates of this
midpoint relative to the grid’s centre, with a blurring effect facilitating partial
similarity. An object’s shape is derived directly from the relative location of
its pixels. Shape is represented as the normalized bundle of the SSPs
encoding each pixel’s location relative to the object’s centre. Note that these
three features are stored and used as separate vectors, but could be combined
into a single vector using a slot-filler representation to accommodate limited

computational resources. Object representations can be visualized using
standard SPA and SSP methods (see Fig. 5).

As previously discussed, the criteria for objecthood in an ARC-AGI
taskis a feature of that task, and our solver implements the logic determining
that criteria using explicit object hypotheses. Each object hypothesis is a
simple rule that decides whether a group of pixels constitutes an object, and
objects can be defined by many rules. Applying an object hypothesis to a grid
deterministically produces a set of objects (i.e., deterministically assigns each
pixel to at most one object). Our solver has six object hypotheses that capture
common, useful ways to perceive the objects in grids. For example, our
solver has a COLOUR object hypothesis that parses all pixels of each colour
into one object, and a VERTICAL object hypothesis that parses each group
of vertically contiguous pixels of the same colour into an object. That this set
of possible object hypotheses is frozen and small is a limitation of our solver.

Humans solve ARC-AGI with programs. In this view, solving an ARC-
AGI task means synthesizing a general program to generate the correct
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Fig. 4 | ARC-AGI task a61ba2ce. Here, the
implicit pattern is to rearrange the four blocks into a
hollow square on a small grid.
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output grid for any valid input grid. Crucially, the search process underlying
program discovery is both constrained and intentional. To solve an ARC-
AGI task, humans iteratively explore multiple solution hypotheses—re-
interpreting the contents of the grids and conceptualizing new transfor-
mations based on different abstractions—until they find a satisfactory
algorithm to solve all demonstrations. However, the extent of this
exploration is narrow; because System 2 cognitive resources are limited,
humans consciously examine only a few solution hypotheses. System 1
intuitions guide which paths are explored; humans quickly dismiss non-
sensical ideas and only seriously investigate ideas that conceptually fit the
task’s content. Following this view, our solver iteratively constructs and tests
hypotheses represented as solution programs.

Program representation also determines both what tasks can be solved
and how those tasks can be solved. Our solver synthesizes programs within a
DSL. programs in this DSL are structured as sets of transformation rules
implemented in part with VSAs. The primitives in this DSL were carefully
designed to capture human inductive biases commonly appearing in

ARC-AGI while remaining as general-purpose as possible. For example, our
DSL contains a basic IDENTITY operation to exactly reproduce an input
object as an output object, elementary RECOLOUR, RECENTRE, and
RESHAPE operations to change each object property, an open-ended
GENERATE operation to create an arbitrary output object, and more (see
Table 7). Importantly, such context-specific, rather than canonical, repre-
sentations of objects and programs are powerful and humanlike'**'*'. Note
that constructing programs in a frozen DSL is fundamentally limiting; our
solver is thus inflexible and can only solve ARC-AGI tasks well-suited to its
DSL, precluding AGL

More formally, our solver produces a solution to each task as a program
(see Fig. 6 for an example). This program can be instantiated to generate the
correct transformation for each demonstration and, ideally, unseen valid
input grids. We define a solution program as a set of rules. Each rule
describes a different type of object-to-object mapping as an if-then state-
ment expressing an action to be taken based on some condition. Conditions
are logical compositions of criteria. Criteria reflect some state or feature of a
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Fig. 5 | Visualization of the object representations for the input grid in the first
demonstration of ARC-AGI task a61ba2ce (see Fig. 4). The colour subfigure
(left) shows the similarity of the object’s colour representation to each of the ten
possible colour vectors. The centre subfigure (middle) shows the similarity of the
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object’s centre representation to the SSP encoding each location in the grid. The
shape subfigure (right) shows the similarity of the object’s shape representation to
the SSP encoding each possible location in two-dimensional space. These repre-
sentations use N = 1024-dimensional vectors.
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particular object property. For example, the condition for a rule may be
“COLOUR is not grey A SHAPE is one pixel”, a conjunction of the criteria
“COLOUR is not grey” and “SHAPE is one pixel” based on the COLOUR and
SHAPE properties of an object. Conditions may be vacuous, causing the
associated action to apply to all objects. Actions are particular operations,
taken from our DSL, to apply to each object satisfying the rule’s condition.
Operations convert one input object into one output object in some
structured way. Open-ended operations require parameters. Parameters
determine how each instantiation of the operation should behave. For
example, the action for a particular rule may be “GEN-
ERATE(COLOUR : orange; CENTRE : origin; SHAPE : 3 X 3 square)”,
representing the application of the GENERATE operation with the COL-
OUR parameter as orange, CENTRE parameter as the origin, and SHAPE
parameter as a 3 X 3 square.

Our solver applies a program to an input grid as follows. First, our
solver parses the input grid into a collection of input objects. Objects are
perceived according to an explicit object hypothesis, which takes the form of
a discrete rule. Second, our solver transforms that collection of input objects
into a collection of output objects. For each object, our solver attempts to
apply each rule. Note that rule conditions are based solely on the input object
of interest (i.e., conditions cannot reference any other objects, input or
output). If the object does not satisfy any rule’s condition, then no rules are
applied to that object and no corresponding output object will be present in
the output grid (i.e., that object will disappear). Otherwise, if that object
satisfies a particular rule’s condition, then that rule’s action is applied to that

Table 7 | Our solver’s DSL

object. All applicable rules to an input object are applied; multiple rules may
be applied to one object, and each applied rule copies the object and pro-
duces a new, transformed version of that copied object. Additionally, each
rule is applied to all applicable input objects; the same rule may be applied to
multiple objects, but each rule can only be applied to the same input object
once. All actions are one-to-one; all rules, when applied, produce a single
output object. Third, our solver combines that collection of output objects
into an output grid. Objects are converted into discrete pixels by decoding
their VSA representations (i.e., by decoding a colour and a position repre-
sentation, the latter of which is obtained by binding cleaned-up centre and
shape representations). No solution should require that overlapping objects
be decoded in any particular manner.

Solution synthesis
Our solver models human cognition throughout all stages of the solving
process. For example, humans often start solving ARC-AGI tasks by sizing
the output grids to be generated''®'". As such, our solver begins by gen-
erating a hypothesis about how the grid size changes in the task (see Table 8).
Like the DSL and object hypotheses, the possible grid size change hypotheses
are static and designed into our solver. If the sizes of the input and output
grid are the same in each demonstration, then the size of each test output
grid is predicted to the be the same as the corresponding test input grid;
otherwise, if the sizes of the output grids across all demonstrations are the
same, then the size of each test output grid is predicted to be the same as this
constant size; otherwise, the output grid sizes are determined by the actions
in the solution program.

We believe humans solve ARC-AGI using multiple types of logical
reasoning. As such, we divide the rest of our solver’s solution generation

Operation Parameter(s) Explanation process into three stages, each completed by one mode of reasoning:
IDENTITY — Keeps the object as is. demonstration abduction, rule induction, and answer deduction. First,
EXTRACT _ Shrinks the grid around the object. demonstration abduction generates an object definition and a set of simple
RECOLOUR _ COLOUR Ghanges the object’s colour to COLOUR. steps to e.)q.)lam each demf)nstratlor.l (i, the ob]ech anfi actlons. to pr9duce
; each training output grid from its corresponding input grid). Simply

RECENTRE  CENTRE Changes the object’s centre to CENTRE. understanding what is happening in each demonstration is necessary for
RESHAPE SHAPE Changes the object’s shape to SHAPE. further reasoning; abductive reasoning can find the most probable, usually
MOVE AMOUNT Shifts the object’s centre by AMOUNT. the simplest according to some probabilistic model (in this case, a variant of
GRAVITY I —— Shifts the object’s centre in DIRECTION minimum description length), causal explanation for these observations.

until contact with another object or grid Second, rule induction generates broadly-applicable rules expressing when

boundaries.
GrOw DIRECTION Changes the object’s centre and shape by - -

stretching the object in DIRECTION until Table 8 | Our solver’s grid size change hypotheses

contact with another object or grid

boundaries. Hypothesis Description
FILL - Fills in the object’s shape. IDENTITY Each output grid is the same size as its corresponding input grid.
HOLLOW — Hollows out the object’s shape. CONSTANT All output grids are of the same constant size.
GENERATE COLOUR, Creates an object with colour COLOUR and FUNCTION The size of the output grid is some function of the size of the input

CENTRE, SHAPE shape SHAPE at centre CENTRE. grid or its contents.
1. IF (COLOUR is not grey A SHAPE is one pixel) ...
—
property criteria
condition
blue — pink,

THEN (GENERATE(COLOUR :

operation

red — orange,
green — cyan,

; CENTRE : same; SHAPE : 3 x 3 square))

parameter

yellow — purple

action

2. IF (COLOUR is grey A SHAPE is not one pixel) THEN (IDENTITY())

rule

Fig. 6 | An annotated possible solution program for ARC-AGI task 54d9e175 (see Fig. 2).
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Fig. 7 | Our solver’s general architecture.

and how actions are applied, accounting for all observations. Finding the
commonalities and distinctions underlying all observed action applications
is necessary for true understanding; inductive reasoning can generalize these
specific observations into rules. Third, answer deduction applies the rules
generated to each query to produce a corresponding output grid. Whatever
understanding of the demonstrations has been developed must be applied to
the novel test input grids; deductive reasoning can draw logically sound
inferences from these well-defined premises. This division of solution
synthesis is static and designed into our solver, and the ordering of these
steps is implemented by procedural control. Together, these three steps
bridge multiple reasoning modes to model the entire ARC-AGI solving
process.

In short, our solver’s three stages work as follows (see Fig. 7). First,
demonstration abduction produces object and action hypotheses based on
the task demonstrations. This stage leverages VSAs by narrowing the search
for both the object and action hypotheses with simple, VSA-powered
heuristics. Second, rule induction produces general rules based on those
hypothesized objects and actions. This stage leverages VSAs by narrowing
the search for features in rule conditions with simple, VSA-powered
heuristics and using VSA object representations to train the rule NNs. Third,
answer deduction produces the task solution by deterministically applying
the abduced object hypothesis and induced rules to the task queries. This
stage leverages VSAs by using VSA object representations as input to rule
NNs and implementing some actions using VSA operations. Overall, our
solver uses VSAs to implement System 1 intuitions in the form of heuristics
and System 1 abstractions in the form of NN, leveraging the ability of VSAs
to capture the kinds of inductive biases humans have.

All parts of our solver, unless otherwise stated, are implemented with
conventional procedural processing (i.e., Python code). Our solver could be
extended to implement all its logic with VSA representations and operations
because VSAs are a Turing-complete computing framework'”’, but this
would introduce tremendous complexity for little tangible benefit. Overall,
our solver uses VSAs extensively to represent abstract objects, heuristically
guide search, and enable sample-efficient neural learning.

First, our solver abduces the objects and actions in the demonstrations.
Any solver must conceptualize what it observes in the demonstrations

before it can generalize these observations into rules. This requires deter-
mining, in parallel, what exactly constitutes an object in this particular task
and what specific actions on the input objects can produce the correct set of
output objects. Both the object hypothesis and action hypotheses should be
as simple as possible.

Determining both an object hypothesis and action hypotheses creates a
causality paradox: an object is defined as a group of pixels transformed
cohesively, but actions are ill-defined without objects to transform. We solve
this paradox by searching for action hypotheses based on evolving object
proposals. Our solver applies an initial object hypothesis and abduces
actions for these objects; only when this object hypothesis fails or yields
overly complex actions are other object hypotheses considered.

We believe humans do the same. When first seeing a new ARC-AGI
grid, System 1 produces initial ideas of what the objects are. This is part of the
objectness core knowledge prior; humans have strong inductive biases,
innate and learned, about what objects look like. These initial object pro-
posals are often correct, but, when they fail, humans mobilize System 2 to
carefully consider other object hypotheses. This top-down approach works
because the space of possible object definitions is smaller than the space of
possible actions. A bottom-up approach constructing objects out of indi-
vidual pixels transformed cohesively, in addition to being cognitively
implausible, fails because cohesive object-level actions are often not cohesive
pixel-level actions. For example, a rotation transformation is simple at the
object level but ill-defined at the pixel level.

Developing a sufficient set of action hypotheses requires explaining the
presence of each output object in each demonstration by the application of
some action to one of the corresponding input objects. Difficulty arises
because usually each output object can be explained by multiple actions
applied to multiple input objects. This is because our DSL has operations
with inherently overlapping functionality as well as a GENERATE opera-
tion that can represent arbitrary transformations from any input object.

There are multiple valid ways to solve each ARC-AGI task. Consider
ARC-AGI task a6lba2ce (see Fig. 4); solving this task can be con-
ceptualized as moving each object into its corresponding corner on a smaller
grid, colouring each corner of a smaller grid according to the colour of the
corresponding object, and so on. For this task, our solver’s approach
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resembles the first description. In this view, the actions needed to complete
each transformation, once the output grid is resized to 4 x 4, are to move the
upper-left-corner-shaped object to the upper left corner of the grid, move
the upper-right-corner-shaped object to the upper right corner of the grid,
and so on. However, even this conceptualization can be implemented as a
program in multiple ways. Our DSL has both a RECENTRE operation for
absolute motion and a MOVE operation for relative motion; each operation
proves useful for certain tasks, but this task calls for absolute motion.

Consider the action that transforms the red object in the first
demonstration; we can represent this as a RECENTRE(CENTRE :
(1,1)) ora MOVE(AMOUNT : (5.5, 1.5)). Both are correct and equally
valid, but abduction demands we choose the simpler explanation of this
mapping. Here, we propose simplicity is determined by the relative fre-
quency of the actions; in other words, recurring operations and parameters
have greater explanatory power. The MOVE(AMOUNT : (5.5, 1.5)) action
explains only one of eight total output objects, but the
RECENTRE(CENTRE : (1, 1)) action explains two—the upper right corner
object in both demonstrations. In this sense, an action set containing
RECENTRE(CENTRE : (—1, 1)), RECENTRE(CENTRE : (1, 1)),
RECENTRE(CENTRE : (—1, —1)), and RECENTRE(CENTRE : (1, —1))
offers a simpler explanation of the observations than any action set based on
MOVE could. The RECENTRE operation with possible parameters (— 1, 1),
(1,1), (= 1, — 1), and (1, — 1) accounts for all observations most cohesively.

Constructing the simplest action set explaining all demonstrations can
be cast as solving the minimum hitting set problem: given a set
S of K partial action sets A, taken from all possible actions U,
S={A | A, CU, k=1...K}, find the action set .A hitting each partial
action set in S, A € U and AN A #0 Vk = 1...K, with minimal cost
according to some function f. Here, the cost function penalizes each addi-
tional operation and parameter introduced; in other words, simple action
sets use the fewest number of operations and distinct operation-parameter
compositions. The hitting set problem is NP-Complete'”, but we find that
most instances of the problem in our application can be exactly solved
relatively quickly.

The demonstration abduction process involves iteratively attempting
object hypotheses and finding the simplest action set to explain all
demonstrations. This requires intelligently traversing the object hypothesis
space, inferring which input object explains each output object, and infer-
ring what actions can perform each input-output object transform. In
humans, these search processes are guided by System 1 heuristics. Here,
leveraging VSAs, we model such heuristics as rapid computations on the
object representations. These heuristics are fast and simple, with strong but
imperfect accuracy. We propose VSA-based heuristics for each of these
three tasks.

The first heuristic proposes an intelligent order to traverse the object
hypothesis space. Instead of randomly trying object hypotheses, our solver
first tries the most promising hypotheses. Fundamentally, a useful object
hypothesis produces a simple grid representation while enabling simple
input-output object transforms. Simple grid representations have as few
objects as possible, and simple input-output object transforms are easiest
when each output object is uniquely similar to one input object. This
heuristic initially encodes objects according to all six hypotheses (see Table
9) and, for each output object, examines the distribution of the similarities to
its possible corresponding input objects. We take the softmax of each vector
of similarities between every input object and a particular output object,
padded with 0 and 1 values to ensure there are multiple elements, and
consider the resultant vector’s maximum value. The higher this value, the
fewer competing input objects; each additional input object will have some
finite similarity to the output object, reducing the value of the maximum
softmax score and penalizing object hypotheses that create too many
objects. Additionally, the higher this value, the more similar one input object
is compared to all others; input objects with close similarities have close
softmax values, preventing one singular high softmax score and penalizing
object hypotheses that produce ambiguous object mappings. Thus, higher
values indicate better object hypotheses that enable clear transforms of few

objects. Object hypotheses are ranked by their average maximum softmax
value and considered by our solver in descending order. In the event that two
object hypotheses produce the exact same objects for all grids of a particular
task, only the hypothesis that was heuristically predicted as more likely is
considered.

The second heuristic narrows the search space of object-object corre-
spondences. Instead of considering how each input object can transform
into each output object, our solver only considers actions applied to the
input object most similar to the output object. Dissimilar objects usually
cannot be connected by simple transforms, so this heuristic eliminates
nonsensical action hypotheses.

The third heuristic narrows the search space of actions. Instead of
considering how each operation can transform the input object into the
output object, our solver considers only those operations affecting the least
similar property of the objects. Actions need only alter dissimilar object
properties, so this heuristic removes useless operations from search.

After this stage (see Algorithm 1), our solver has specific hypotheses
about what constitutes a task-relevant object (i.e., an object, whether
input or output, that is involved in the task transformation) and what
actions permit simple transformations in all demonstrations. Overall,
this stage uses VSA object representations and VSA operations to per-
form simple calculations that implement search heuristics, and proce-
dural code otherwise.

Algorithm 1. Demonstration Abduction
Require: Demonstrations D
1: hypotheses < OsjectHypoTHESISHEURISTIC(D)
hypotheses ranked by likelihood
2: for each hypothesis H in hypotheses do

> Object

3: S <« @ 1 Setof action sets explaining each output object

4 for (G, God) € Ddo

5: O,, < Perceveoects(H, Gy > Input objects

6: Op, < PerceveOsjects(H, Go,) > Output objects

7: for 0; € O, do

8: 0; ¢ OBIECTCORRESPONDENCEHEURISTIC(Old, 0)) >
Corresponding input object

9: operations < OpjecrAcTioNHEURISTIC(O;, O;)) B> Plausible
operations for mapping

10: Ay < GETPARTIALACTIONSET(O;, O;, operations) > Action
set for output object

11: S < Su {4l

12: end for

13:  end for

14: A, cost < MmNiMUMHITTINGSET(S) > Minimal action set
and associated cost

15:  if A successful and cost acceptable then

16: return H, A

17:  end if

18: end for

Second, our solver induces general object-centric rules explaining the
abduced actions. Finding isolated actions explaining each demonstration
individually is important, but misses the task’s underlying phenomena.
Solvers must develop some transferable understanding of the task because
ARC-AGI requires generating the correct output grid for arbitrary valid
input grids, demonstration or not. In our solver’s object-centric view, this
means inferring, by both search and learning, what features of the input
objects cause them to be transformed in each particular way. In other words,
our solver must determine when and, possibly, how each operation should
be applied.

Our solver’s solution program requires a rule for the conditional
application of each operation in the action set (as explained in “the Solution
Structure section”). As such, our solver must develop a predictor modelling
the condition for whether each operation applies and a predictor for each
parameter of each operation. Both types of predictors are implemented as
NNs because the high-dimensional distributed object representations
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Table 9 | Our solver’s object hypotheses

Hypothesis Description

8-CONNECTED

Each group of 8-connected pixels (i.e., pixels sharing an edge or corner) of the same colour is an object.

4-CONNECTED

Each group of 4-connected pixels (i.e., pixels sharing an edge) of the same colour is an object.

VERTICAL Each group of vertically contiguous pixels of the same colour is an object.
HORIZONTAL Each group of horizontally contiguous pixels of the same colour is an object.
COLOUR All pixels of the same colour, regardless of spatial contiguity, are an object.
PIXEL Each non-zero (coloured) pixel is its own object.

Fig. 8 | Visualization of the interpretation of the

Abstraction Learned

Activation Learned

learned RECOLOUR operation predictor NN for
ARC-AGI task a61£2674 (see Fig. 3). The
abstraction subfigure (left) shows the prototype
learned by the NN, determined here by the input
object’s shape property. The activation subfigure
(right) shows the decision nonlinearity learned by
the NN. From these, we can verify the NN selects for
short and tall objects. Short objects' shape repre-
sentations exist only in the centre, producing near-
zero similarity mapping onto a likely probability.
Medium-height objects' shape representations reach
the negative similarity regions indicated by blue,
producing a negative similarity mapping onto an
unlikely probability. Finally, tall objects' shape
representations reach the positive similarity regions

0.5 4

indicated by red, producing a net positive similarity
mapping onto a likely probability. These repre-

sentations use N = 1024-dimensional vectors.
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produced by the VSA are amenable to neural learning. Although we do not
use deep learning, these VSA representations act as deep-learned embed-
dings; the VSA’s inductive biases enable these NNs to better discover the
abstractions underlying the conditions and learn the mappings determining
the parameters. In other words, these VSA representations are constructed
directly, not learned, but can be treated as functionally equivalent to the
conventional learned representations that pervade deep learning while
providing explicit, and perhaps more useful, inductive biases.

Neural learning methods, especially over-parametrized NNs in the
sample-few regime, are susceptible to overfitting and shortcut learning.
Such NN tend to get distracted by spurious correlations in the data and
often fail to learn the simplest decision criteria. Thus, selecting the input
features to our solver’s predictor NNs is important. In ARC-AGI tasks,
both when and how an operation is applied usually depends on only one
or two properties of the input object; the NNs modelling these rules
should therefore be exposed only to the subset of relevant properties.
Consider ARC-AGI task a61£2674 (see Fig. 3); when and how the
RECOLOUR operation applies depends only on an object’s shape
property and not its colour or centre properties. Here, supplying the
predictor NNs with objects’ colour and centre properties serves only to
impede learning. Although each predictor NN models System 1, dis-
covering which properties are important for each predictor NN is a
search task performed by System 2. Fundamentally, useful properties
generalize across demonstrations and useless ones do not.

We believe humans determine which properties are useful by carefully
verifying their hypotheses on the demonstrations. Our solver models this
process using cross-validation. For each demonstration, our solver, using a
particular property hypothesis, trains a predictor NN on data from all other
demonstrations and tests the predictor NN on data from the held out
demonstration. The aggregate performance across all demonstrations
measures the generalizability of the property hypothesis; the highest-scoring
hypothesis is selected to learn the final condition. This approach works for

many tasks, but not all; some tasks require all demonstrations together to
fully understand the rules.

Our solver develops an operation predictor, R o, for each rule modelling
the condition for whether the corresponding operation applies to an object.
Each operation predictor is an NN mapping the representations of certain
properties of an input object onto a probability value signifying whether this
operation should be applied to this object. Training input data are the
representations of the relevant properties of each input object, and the
training labels are binary values indicating whether each input object was
subject to this operation. When all labels are positive, our solver assumes the
operation applies to all input objects and makes the condition vacuous; an
NN is only used when the labels are not uniform.

The operation predictor is a single-layer NN trained by stochastic
gradient descent (SGD). This means the NN learns a single weight vector
to transform the representation of the relevant properties of an input
object with via a dot product. Thus, the weight vector, if normalized, is
itself a valid VSA vector. As such, we restrict the weight vector to unit
length during training and learn parameters controlling the steepness
and threshold of the decision nonlinearity. The learned nonlinearity
theoretically enables the NN to match exact patterns for conditions
based on discrete features and to model fuzzy abstractions for conditions
based on high-level features. With this construction, the learned weight
vector represents a prototype of objects subject to the operation. The NN
works by computing the similarity between its learned prototype and the
input object’s representation and applying a sigmoid nonlinearity
mapping this similarity onto a probability, thereby predicting an input
object as more likely to be subject to the relevant operation the more
similar it is to the prototype (see Fig. 8). To accelerate training, we
initialize the NN weight vector with the superposition of the input object
representations weighted by outcome. We have experimented with more
complex, deeper learning architectures, but this simple approach is the
most interpretable and theoretically-founded.
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Fig. 9 | Visualization of the interpretation of the

Red Abstraction Learned

Blue Abstraction Learned

learned RECOLOUR parameter predictor NN for
ARC-AGI task a61£2674 (see Fig. 3). The red
subfigure (left) shows the prototype for objects
recoloured red learned by the NN, determined here
by the input object’s shape property. The blue sub-
figure (right) shows the prototype for objects reco-
loured blue learned by the NN, again determined
here by the input object’s shape property. From
these, we can verify the NN predicts red for short
objects and blue for tall objects. These representa-
tions use N = 1024-dimensional vectors.
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Our solver also develops parameter predictors, R p, for each parameter
of each operation. Each parameter predictor is an NN mapping the repre-
sentations of certain properties of an input object onto a VSA vector
representing the value of the operation’s input parameter. Training input
data are the representations of the relevant properties of each input object,
and the training labels are the representations of the abduced parameters
used when each input object was subject to this operation. When all labels
are the same, our solver assumes this parameter is the same for all input
objects and always predicts this parameter. Additionally, when all labels
match one of the input objects’ properties, our solver assumes this para-
meter always matches that property of the input object and simply predicts
the parameter to be this property. An NN is only used otherwise.

Each parameter predictor is a single-layer NN trained by SGD. This
means the NN learns a single square weight matrix performing a linear
mapping from one VSA vector onto another VSA vector. A single linear
transform, although simple, is usually sufficient; by the kernel trick'*,
because of the VSA’s nonlinear encoding scheme, linear functions in the
embedding space can express complex nonlinear functions in the feature
space. With this construction, the workings of this NN are less interpretable,
but we can sometimes cast its operation as a comparison to prototypes too.
Given the learned weight matrix, we can find the optimal input repre-
sentation to most strongly produce a particular output parameter. In this
view, the NN works by memorizing the training mappings and—powered
by the continuity and high dimensionality of VSA representations, as well as
their implicit inductive biases (e.g., that discrete shapes that are similar at a
high-level are mapped onto similar distributed representations)—con-
structing a reasonable interpolation of the underlying function (see Fig. 9).
To accelerate training and bias the NN towards VSA-based solutions, we
initialize the NN weights with the average circulant matrix performing the
binding operation mapping each input vector to its corresponding label.
Again, we have experimented with more complex learning architectures, but
this simple approach is the most interpretable and theoretically-founded.

The rule induction process involves, for each operation in the action
set, iteratively trying to generalize observations into simple rules based on
different object properties. This requires intelligently traversing the object
property space. As before, we propose a VSA-based heuristic for this task
modelling System 1.

This heuristic proposes an intelligent order to traverse the object
property space. Instead of trying to learn from random combinations of
object properties, our solver first tries to learn from the most relevant object
properties. Fundamentally, a relevant object property, meaning one that is
likely to explain the condition or parameter mapping, is usually similar
among all objects transformed similarly and different between each pair of
objects transformed differently. This heuristic computes the average

similarity between the properties of all pairs of objects transformed in the
same way and the average similarity between the properties of all pairs of
objects transformed in different ways, and takes the difference of their
squares. We take the softmax of the resulting vector to capture the relative
likelihood of each property explaining the application of each operation and
the mapping underlying each parameter. Similar objects are likely to be
transformed similarly, so first considering those object properties that are
most similar avoids unlikely explanations.

After this stage (see Algorithm 2), our solver has developed a program
as a set of rules describing when and how to apply each operation to input
objects. Overall, this stage uses VSA object representations and VSA
operations to perform simple calculations that implement search heuristics
and as training data for rule NNs, and procedural code otherwise.

Algorithm 2. Rule Induction
Require: Input objects O;, Action set A
1P <0 > Program comprising a set of rules
2: for operation € A do

3:  labels < GETOBECTOPERATIONLABELS (A, operation) > Known
from abduction stage

4:  properties < OpjectPropERTYHEURISTIC (O}, labels) > Properties
ranked by relevance

5: R < LEARNNNN (O, labels, properties) > Bypassed

if all labels are the same

6:  for each parameter required by operation do

7: labels < GETOBJECTPARAMETERLABELS (A, operation, parameter)

8 properties < OsjecTPrOPERTYHEURISTIC (O, labels)

9: Rp < LEARNNN (O, labels, properties)

if all labels are the same or unchanged

10:  end for

11: P <« P U {(operation, Ry, Rp)}

12: end for

13: return P

Third, our solver deduces the output grid for each query. Any solver
must apply whatever understanding it has obtained about the demonstra-
tions to the queries. This requires generating an output grid from scratch.

By our solution structure, this means sizing the output grid and pre-
dicting and executing the actions for each input object. Each input object is
considered separately by each rule; if the object satisfies the rule’s learned
condition, then the rule’s action, with parameters predicted as needed, is
executed and the new object is added to the output grid. Objects may be
subject to multiple rules, producing multiple output objects, and rules may
be applied to multiple objects.

> Bypassed
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After this stage (see Algorithm 3), our solver has solved the task.
Overall, this stage uses VSA object representations as input to and VSA
parameter representations as output from rule NNs and to implement some
actions algebraically, and procedural code otherwise.

Algorithm 3. Answer Deduction
Require: Object hypothesis H, Program P, Queries Q

1: results < [] > Test output grids
2:for G; € Qdo

3 OIq " PrrcevEOBJECTS (M, G,q) > Input objects
4: Ooq ~ @ > Output objects
5. forO,; € O; do

6: for (oper&tion, Ro,Rp) € Pdo

7: if R(0;) 2 50% then > Threshold is arbitrarily 50%
& Oy <« Oy U ExecuteAcrion,(O; operation, Rp(O;))
9: end if !

10: end for

11:  end for

12:  results < results U {Ooq}

13: end for

14: return results

Data availability
Each testing dataset used is available in the GitHub repository associated
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